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Simplest fractional differential equation

“D; - Caputo fractional derivative:

dn

Cn“ n—ao
D& = e

n—1<a<n, neN,

where Jtﬁ - Riemann-Liouville fractional integral

(461) (0= 5z [ €= soar, 550 g2=1

Fractional relaxation-oscillation equation

“Diu(t) +Mu(t) =0, 0<a<2, A>0,t>0;
uw(0) =1 (and ©'(0) =0 if a > 1).

Solution: u(t) = E,(—At®), where

kZ:OF ok 1 1) — Mittag-Leffler function
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Two-parameter Mittag-Leffler function

00 k
z
FE, = , F, = F,
Asymptotic expansion:
E. s(—t) t t + O(t_?’) €(0,2),8 R, t >+
a,p\ — _ y ’ ’ ’ Q.
’ (B—a) I(8-2a)
Estimate: o
Eopg(—t) <——, t>0.
Bas(—0)] < 70~

Complete monotonicity:

A function f : (0,00) — R is called completely monotone function (CMF) if
(=1)"f™(t) >0, forallt >0, n=0,1,...
The simplest example: Ei(—t) =e * € CMF

E.(—t) e CMF iff 0 < a <1 (Pollard, 1948)
Eop(—t) e CMFiff0<a <l a<p.
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Multinomial Mittag-Leffler function

k.
Z]

S k! -, -
E(Mla-naﬂm),ﬁ(zla"°7Zm) = Z Z ' i J J ’
k=0 k14 +km=Fk I (5 + ozjkj)

where z; e C,u; > 0,8 € R, 5 =1,...,m.

Multinomial Mittag-Leffler type functions in the form

5(/"'17---7,“7”)75({;; A1y-- - am) = tﬁ_lE(Mla“'aum)aB(_ajltlul7 Y _amt’um)

appear in the solution of differential equations with multiple fractional derivatives.
This is due to the Laplace transform identity:

¢ —pB

S
e StE t:ay,...,a,,)dt = ,
/0 (m,.--,um),ﬁ( 1 m) 14 Z;n a5 H
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Multi-term fractional relaxation equation

Diy(t) + ) b “Dy(t) + y(t) = f(t), >0, y(0)=1,
j=1

wherel > a>a; >0,0,>0,j=1,....,m, A>0.

Solution:

y(t) = G1(t) + /0 G(t—71)f(7)dr,

where

Gl(t) = 1- )\g(a,a—al,...,a—am),a—i—l (ta )‘7 b17 <. 7bm) )
G(t) — g(oz,oz—oq,...,oz—ozm),a (ta Aby, .o bm) .

The functions G1(t), G(t) are completely monotone as in the single-term case.
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Generalizations of Prabhakar type
Three-parameter Mittag-Leffler function (Prabhakar function):

k
Eéﬁ Z NCETTL 2€C, a,8,0 e R, a> 0, (1)

where (6)y is the Pochhammer symbol

T+ k)
(O =505

—§5(5+1)...(60+k—1), keN;, (0)o=1

The function t°~'EJ ;(—t), t >0, is completely monotone provided

O<a<l 0<ad <pB<I1. (2)
( t—a5
)
Asymptotic behavior: EJ ;(—t*) ~ 4 i ,  t— +oo,
’ gt~ o~
— , a0 = [,
. T'(~a)
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Multinomial generalization of Prabhakar type

k
Zj

> (5) 1", 2.
Bl 100 2m) =, D fal- - k (B+JZl jug )

k=0 k1+-+km=k

where where 2, € C, pj, 5,0 € R, p; >0,5=1,...,m

Naturally emerging function in the study of IBVPs for multi-term time-fractional
equations with non-local boundary conditions.

Spectral expansion of the solution in case of two-dimensional eigenspaces:

u(z, t) = u1,0(t)P1,0(z) + Z {u1,n ()01, (2) 120 (L)@2n ()}

¢1.n(x) - eigenfunctions, - ,,(x) - associated eigenfunctions (due to non-locality)
u1 ,(t) - solutions of relaxation equation, represented in terms of multinomial
Mittag-Leffler functions

U2 ,(t) contains convolutions of multinomial Mittag-Leffler type functions.
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Multinomial Mittag-Leffler type function of Prabhakar type
Class of functions, closed under convolution:

) — — ) m
gﬁ,ﬂ(t7 a) = t/B 1E(,UJ1,---,/JJm),,8(_a1t'LL17 .« o vy —amt“ )

Convolution property: [) €5 ,(t — 7;@)E2, (1) dt = £330, (£:d).

Laplace transform:
S_B

)
(1 + Z;n:l CLjS_'uj)

t
—st oo —
/0 e~ "ES s(t; @) dt =

Complete monotonicity: Let pj,a; >0, 5=1,...,m, and
pr <1, 0 <po<p<1,
where 11 = max{u;}7.;. Then

% 5(t;@) € CMF, t>0.
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A nonlocal BVP for the general time-fractional diffusion equation

0%u

Dy, t) = 5

x,t), x€(0,1), t>0,

where C]D,(f) is a general fractional derivative in time with kernel {(¢) and @, is a

continuous linear functional in C[0, 1].

Py, - spectral projection operators in the (multidimensional) eigenspaces, defined
by the spectral problem

y"+ Ny =0, y(0) =0, ®{y} =0.

The spectral expansion
fl@)~ ) Paf
n=0
has the uniqueness property iff 1 € supp @ (N. Bozhinov, 1990).
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Aim: to construct solution u(x,t) in the form of spectral expansion

o0 Knp—1
u(a:, t) — Z P)\nua P)\nu — Z An,k(t)gpn,k(x) (3)
n=0 k=0

where k, - multiplicity of eigenvalue A, ¢, k() - generalized eigenfunctions,
Ay, k(t) - represented in terms of functions G(t) and G,(t), j = 1,...;6, — 1,
defined as

t
Giy1(t; N) :/ G(T; MGt —T1;N)dr, jeN.
0

Example: If °D{) = €D then
Gi(t; ) = Eo(—AtY), G(t;\) = t* 1By o =A%),

Gjpa(t;\) = tEZ L (—=At*), jeN.
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Example: If “D{* = Dy + 327 | b; °D;7 then

Gl(t; )‘) = 1- )‘g(a,a—al,...,a—am),a—l—l (t; )‘7 bla seey bm) )
G(t7 )‘) — g(a,a—al,...,a—am),a (ta )\7 bla sy bm) )

(a,a—aq,...,a—am),aj+1

— AT (t; A, b1, ..., bm), jEN.

(CV,O(-O{l,...,a—(){m>,(){(j+1)‘|‘1

To prove convergence of the series (3), estimates for A, x(t) (resp. G;(t;\)) are
derived in the general case.

Theorem. For any A > 0 the functions G;(¢; \), j € N, are positive and continuous
in t € [0,00) and satisfy the following estimates:

N7LG (8 N) 1, ¢t>0, (4)
NGt \) < C., t>e>0, (5)

IA

where the constant C; > 0 does not depend on ¢ or .
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Application: adsorption-desorption at anomalous diffusion

Phase 2 (z < 0);

C*(z,t)

Interface x =0

concentration G(t)

Diffusion C; (x,t) = =V - J~(z,t)

<€

J~(z,t) = —dsD,; "V C (z,1)

K-C~(z =0",1)

Desorption
interface — bulk

<€

~—J (x=07,¢)

Adsorption
bulk — interface

~ JH(x =071

P
«

= K'C7 (2 =0",1) = f(G(1))

/ Phase 1 (x > 0);
Diffusion C} (z,t) = =V - J*(x, 1)
Jt(x,t) = —d, D} *VC (z,1)
C(z,1) i
L o
0) =C¢ 0 g
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Two time-fractional equations for anomalous diffusion of surfactant:

0>C™*(x,t)
Ox2

0?°C~(x,t)
Ox2

where 0 < «, 8 < 1, d,, dg - diffusion coefficients. Initial and boundary conditions:

CDICH (1) = d, L2 >0; D)0 (a,t) = dy Lz <0,

CHz,0)=Cf, >0, C (z,0)=C., z<0;

lim C*(z,t) =CF, lim CF(z,t)=CE(t), t>0,

x—F 00 r—0E

where C'F(t) - subsurface surfactant concentrations, CF - input concentrations of
surfactant in the bulk phases.
(G(t) - surfactant concentration on the interface:

dG(t) -
— —d,Di~°
dt t

(90+(Zlf,t) —dﬂDg_B 6C_($,t)

833 =0+ 837

ODE for G(t):

dG(t) l—a/2 1-8/2 ~—
1\ D + D _ +
dt + dq t Cs (t) + dﬁ t Cs (t) daC@ F(a/2)

toz/Q—l 1.0 t5/2—1
+ e
7TeT(8)2)
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The subsurface surfactant concentrations CF(t) are related with G(t) via the
adsorption isotherm f(G): K-C; (t) = KTCf(t) = f(G(t))

In the simplest case f(G) = const.G the equation for G(t) is

) a2 1-8/2 pou/2—1 +B8/2—1
G o D = -

+ a1t ?Ea)2,8/2),0/2+1 <—ata/27 47755/2)

+ bt Baa02) 5701 (—at™/?, b2

This solution serves as an approximation for the nonlinear cases.

|. Bazhlekov, E. Bazhlekova (2025) Adsorption-desorption at anomalous diffusion: Fractional calculus approach, Fractal
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