Geometry of numbers
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Life



Hermann Minkowski




e Baruch ben Jakob from Shklov (1752-1810), judge in Minsk,
studied medicine in England, published a translation of the
first 6 books of Euclid from Greek into Hebrew

e his grandson, Isaak ben Aaron, took the name Minkowski, his
grandson, Levin, was the father of Hermann Minkowski



e Baruch ben Jakob from Shklov (1752-1810), judge in Minsk,
studied medicine in England, published a translation of the
first 6 books of Euclid from Greek into Hebrew

e his grandson, Isaak ben Aaron, took the name Minkowski, his
grandson, Levin, was the father of Hermann Minkowski

e Siblings: Max (business, French consul), Oskar (surgeon,
discovered the connection between diabetes and pancreas,
professor in Breslau), Fanny, Toby



Hermann Minkowski — CV

e born June 22, 1864 in Alexoten, high school in Konigsberg

e 1880-1885 Studies: 5 semesters in Konigsberg (Weber), 3
semesters in Berlin (Kummer, Kronecker, Weierstrass)

e 1883 Grand Prix of the French Academy of Sciences
e 1885 Ph.D. in Konigsberg, army service

e 1892 nontenured Professor Bonn

e 1895 Ordentlicher Professor Kénigsberg

e 1896-1902 Professor in Ziirich

e 1902-1909 Professor in Gottingen



Obituary




“He died as a philosopher...”
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Quadratic forms



Ferdinand Eisenstein, 1823-1852

d(m) = {(x,y,z.t,w) € 2°|X* + y? + 22 + 2+ w? = m} = ..
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Henry John Stephen Smith, 1826 - 1883
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Half as master, half as servant
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Avoiding pain

who heard
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Partly, he was himself to blame




Smith: “On the orders and genera...”
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A little annoyed
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Hermite: “Mon cher Monsieur...”
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Hermite: “mes sentiments bien sincérement dévoués...
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Hermite” “oubli, ..., absolument involontaire...”
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Jean-Pierre Serre
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Letters



Teaching - Bonn 1893
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Colleagues - Bonn 1893
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Teaching - Zurich 1896
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Hilbert's Problems
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Hilbert's Problems
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Mathematics



29



Sums of squares

Count integer solutions of

x2-|-y2—|-z2:c, X2+y2+22+t2+w2:c.
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Sums of squares

Count integer solutions of
Pryr+=c, XP+y 42+ +wi=c

This leads to geometric considerations in Minkowski space.
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Minkowski and his space (Sept. 1908)

M_.H. Gentlemen! The views of space and time which | want to
present to you arose from the domain of experimental physics, and
therein lies their strength. Their tendency is radical. From now
onwards space by itself and time by itself will recede completely to
become mere shadows and only a type of union of the two will still
stand independently on its own.
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Minkowski and his space (Sept. 19

M.H. Gentlemen! The views of space and time which | want to
present to you arose from the domain of experimental physics, and
therein lies their strength. Their tendency is radical. From now
onwards space by itself and time by itself will recede completely to
become mere shadows and only a type of union of the two will still
stand independently on its own.

... While developing mathematical consequences, one will find
sufficient hints of experimental confirmations of the postulate, to
reconcile even those who find it uncongenial, or even painful, to
give up the old, time-honoured concepts, to the new ideas of time
and space, by the prospect of a pre-existing (prastabilierte)
harmony between pure mathematics and physics.
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Sums of three cubes

Not all ¢ € N are sums of three integer cubes
Pyt =

a necessary condition is that ¢ # +4 (mod 9).
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Sums of three cubes

Not all ¢ € N are sums of three integer cubes
Pyt =

a necessary condition is that ¢ # +4 (mod 9). Until 2019, it was
unknown whether or not 42 can be represented as such a sum.
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Sums of three cubes

Not all ¢ € N are sums of three integer cubes
Pyt =

a necessary condition is that ¢ # +4 (mod 9). Until 2019, it was
unknown whether or not 42 can be represented as such a sum.

Booker and Sutherland, using 1.3M hours of computing on the
Charity Engine global grid, found the smallest solution:

(—80 538 738 812 075 974)3 + 80 435 758 145 817 515° + 12 602 123 297 335 631° = 42.
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Sums of three cubes

Not all ¢ € N are sums of three integer cubes
Pyt =

a necessary condition is that ¢ # +4 (mod 9). Until 2019, it was
unknown whether or not 42 can be represented as such a sum.

Booker and Sutherland, using 1.3M hours of computing on the
Charity Engine global grid, found the smallest solution:

(—80 538 738 812 075 974)3 + 80 435 758 145 817 515° + 12 602 123 297 335 631° = 42.

There is a conjecture that there should be infinitely many solutions!
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Sums of three cubes

Theorem (Hassett-T. 2001)
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Sums of three cubes

Theorem (Hassett-T. 2001)

Theorem (V. Wang 2021)

33



Diophantine equations

Minkowski-Hasse Principle: A form f € Q[xo, ..., x| of degree 2
has nontrivial zeroes in Q if and only if it has nontrivial zeroes in
all completions of Q (i.e., in R and all Q).
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Diophantine equations

Minkowski-Hasse Principle: A form f € Q[xo, ..., x| of degree 2
has nontrivial zeroes in Q if and only if it has nontrivial zeroes in

all completions of Q (i.e., in R and all Q).

What about integral points? Examples in work of
Colliot-Thélene—Xu (2009).
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Diophantine equations

How about forms of degree > 37 Counterexamples
3x3 +4y3 +52°2 =0, x3 +4y3 41023 + 2563 = 0,

w? = —25x% — 5y* 4 4524,

35



Diophantine equations

How about forms of degree > 37 Counterexamples
3x3 +4y3 +52°2 =0, x3 +4y3 41023 + 2563 = 0,
w? = —25x% — 5y* 4 4524,

Many of these (but not all!) are explained by the Brauer-Manin
obstruction, extensively studied by Colliot-Thélene and his
students, by Skorobogatov, Poonen, ...
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Geometry of numbers
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Lattice point theorem

Let A C R? be a lattice of covolume = 1. Let D C R? be a
convex, symmetric domain of area > 4. Then

IDNA| > 2.
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Number theory

e F/Q - number field: F=Q(a)=Q@®aQ®...®»a?1Q
a4+ ag_109 4. +a9=0, aj € Q,
e Of C F - ring of integers

BEOF B4 by 189+ ... +bg=0, b €Z (%)
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Number theory

e F/Q - number field: F=Q(a)=Q@®aQ®...®»a?1Q
a4+ ag_109 4. +a9=0, aj € Q,
e Of C F - ring of integers

BEOF B4 by 189+ ... +bg=0, b €Z (%)

e Discriminant o(F) := [[;;(8i — B;)?, where 81 = 3 and f3;
are the other roots of (x), provided O = Z[f]
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Number theory

e F/Q - number field: F=Q(a)=Q®aQ&...d a?1Q

a4+ ag_109 4. +a9=0, aj € Q,

Of C F - ring of integers

BEOF B4 by 189+ ... +bg=0, b €Z (%)

Discriminant ?(F) := [[;_;(8i — B;)?, where 81 = 3 and f3;
are the other roots of (x), provided O = Z[f]

Lattice point theorem = There are no F/Q with d(F) = 1.
Example a® + pa + g = 0, F = Q(a); then
o(F) = —4p® — 27g° = 1 has no solutions with p, q € Z.

39



Discriminants

Conjecture:

#{[F:Q=d| P(F)|<B}~C4-B, B—
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Discriminants

Conjecture:

#{[F:Q=d| P(F)|<B}~C4-B, B—

e d = 3 Davenport-Heilbronn (1971)
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Discriminants

Conjecture:

#{[F:Q=d | P(F)|<B}~C4-B, B—

e d = 3 Davenport-Heilbronn (1971)
e d = 4,5 Bhargava (2001)
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Discriminants

Conjecture:
#{F:Q=d [ p(F)| <B}~Cy-B, B— oo
e d = 3 Davenport-Heilbronn (1971)

e d = 4,5 Bhargava (2001)
o < BP(CViogd) Ellenberg-Venkatesh (2006)
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Discriminants

Conjecture:

#{[F:Q=d | P(F)|<B}~C4-B, B—

e d = 3 Davenport-Heilbronn (1971)

d = 4,5 Bhargava (2001)

< BeP(CVIogd) Ellenberg-Venkatesh (2006)
< B<'&(d)” | emke Oliver-Thorne (2022)
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Discriminants

Conjecture:

#{[F:Q=d | P(F)|<B}~C4-B, B—

e d = 3 Davenport-Heilbronn (1971)

d = 4,5 Bhargava (2001)

< BeP(CVIogd) Ellenberg-Venkatesh (2006)
< B<'&(d)” | emke Oliver-Thorne (2022)

Fixing the Galois group = Malle's conjecture, active and
growing area of arithmetic statistics
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Sphere packings
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Sphere packings
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Sphere Packings in 3 Dimensions

Thomas C. Hales

May 19, 2002

The Kepler conjecture asserts that no
packing of equal balls in three dimensions
can have density exceeding that of the face-
centered cubic packing. The density of this
packing is 7//18, or about 0.74048.

This conjecture was proved in 1998 [H]. In
superficial terms, the proof takes over 270
pages of mathematical text, extensiv
puter resources, including 3 gigabytes of data,
well over 40 thousand lines of code, about 10>
linear programs each involving perhaps 200
variables and 1000 constraints. The project
spanmned nearly a decade of research, includ-
ing substantial contributions from S. Fergu-
son [F]. This is not a proof from the book, in
the sense of Erdds.

This lecture! proposes a second

com-

likely to be used as a model for other proofs
in discrete geometry. One might try to build
a proof of the kissing number problem in 4
dimensions, or a proof of the Kelvin problem
(of finding the optimal partition of Euclidean
3-space into equal volumes) by similar meth-
ods. Such an approach is appealing only if
the methods can be further simplified.

This lecture is primarily concerned with
packings in three dimensions. But it should
be pointed out that excellent progress in
higher dimensions has been made in recent
work of H. Cohn and N. Elkies. They have
produced the best known bounds on densities

of packings in dimensions 4-36, and they con-
jecture that their methods will lead to sharp

proof of the Kepler conjecture, and describes
the current status of that second-generation
proof. Much of the inspiration for the re-
vised proof comes from the subject of gen-
erative programming, and the lecture gives a
Drief description of that topic as well.

There are various motivations for a second-
generation proof. One is that a simple is more

I'This article is based on an Arbeitstagung lecture
in Bonn on June 14, 2001

bounds in dimensions 8 and 24 (correspond-
ing to the Ey and Leech lattices respectively)

CEJ.

Two common decompositions of space are
the Voronoi decomposition and the Delaunay
These two
lead to bounds of 0.755 and 0.740873, respec-
tively (the second bound is not rigorous, be-
ing based merely on numerical evidence) [M].
In the 1998 proof of the Kepler conjecture,
Euclidean space was partitioned according to
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Simons foundation symposium on Evidence

Tom Hales

Abstract: In 1998, Sam Ferguson and Tom Hales announced the
proof of a 400-year-old conjecture made by Kepler. The Kepler
conjecture asserts that the most efficient arrangement of balls in
space is the familiar pyramid arrangement used to stack oranges at
markets.

Their mathematical proof relies heavily on long computer
calculations. Checking this proof turned out to be a particular
challenge for referees. The verification of the correctness of this
single proof has now continued for more than 15 years and is still
unfinished at the formal level. This long process has fortified

standards of computer-assisted mathematical proofs.
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Sphere packing in dimensions 8 and 24

Theorem (Maryna Viazovska 2016)
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Sphere packing in dimensions 8 and 24

Theorem (Maryna Viazovska 2016)

Theorem (Cohn—Kumar—Miller—Radchenko—Viazovska 2016)
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Sphere packing in dimensions 8 and 24

Theorem (Maryna Viazovska 2016)

Theorem (Cohn—Kumar—Miller—Radchenko—Viazovska 2016)

In very high dimensions, it is still unknown whether or not a
random packing is best.
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Polytopes
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Polytopes
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Alge Braarudosphaera bigelowi — almost perfect dodecahedron
(4000x magnification).
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Polytopes and Lattice points

Given a lattice A € R? and a polytope M with corners in A.

To determine: the number v (n) of lattice points in n- M NA,
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Polytopes and Lattice points

Given a lattice A € R? and a polytope M with corners in A.
To determine: the number v (n) of lattice points in n- M NA,

Solution:

o (M,A) = Xnn - is a toric variety 4+ a line bundle L
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Polytopes and Lattice points

Given a lattice A € R? and a polytope M with corners in A.
To determine: the number v (n) of lattice points in n- M NA,
Solution:

o (M,A) = Xnn - is a toric variety 4+ a line bundle L

e (n) = dim H°(Xn A, nL) dimension of the space of global
section of nL
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Polytopes and Lattice points

Given a lattice A € R? and a polytope M with corners in A.
To determine: the number v (n) of lattice points in n- M NA,
Solution:

o (M,A) = Xnn - is a toric variety 4+ a line bundle L

e (n) = dim H°(Xn A, nL) dimension of the space of global
section of nL

e Riemann-Roch = formula for ¢(n), which depends only on
topological invariants of Xp A

50



Polytopes

Combinatorial type: configuration of vertices, edges, faces, ...
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Polytopes

Combinatorial type: configuration of vertices, edges, faces, ...

Steinitz (1922)
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Polytopes

Combinatorial type: configuration of vertices, edges, faces, ...

Steinitz (1922)

Richter-Gebert (1994)
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Polytopes

Combinatorial type: configuration of vertices, edges, faces, ...

Steinitz (1922)

Richter-Gebert (1994)
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Combinatorics of polytopes

e Let A be a (convex) polytope of dimension d. Put f_; :=1,
fi :== #{ faces of dimension i },
and define the f-vector

f(A) = (ffla fo, .-, fd—l)'
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Combinatorics of polytopes

e Let A be a (convex) polytope of dimension d. Put f_; :=1,
fi :== #{ faces of dimension i },
and define the f-vector

f(A) = (ffla fo, .-, fd—l)'

o Put hg =1, h1::fb—d

d
Zf (1—1t)? :thtd_k

k=0

and define the h-vector
h(A) := (ho, h1,. .., hq).

52



Polytopes

Billera, Stanley, ... (1980)
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Polytopes

Billera, Stanley, ... (1980)
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Polytopes

Billera, Stanley, ... (1980)

Proof, key words:

e passage to algebraic geometry, toric varieties
e Poincare duality

e Hard Lefschetz theorem
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Irrational polytopes

The argument completely collapses for irrational polytopes. The
starting point for June Huh (Fields medal 2022) was the discovery
that there exists a purely combinatorial analog of Hodge theory for

polytopes.
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Irrational polytopes

The argument completely collapses for irrational polytopes. The
starting point for June Huh (Fields medal 2022) was the discovery
that there exists a purely combinatorial analog of Hodge theory for
polytopes.

This led to breakthrough results in classical problems of
combinatorics (graph theory, matroid theory, etc).
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June Huh




Polytopes - further applications

e Combinatorics (Ziegler)
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Polytopes - further applications

e Combinatorics (Ziegler)

e Hypergeometric functions, asymptotics of integrals
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Polytopes - further applications

e Combinatorics (Ziegler)
e Hypergeometric functions, asymptotics of integrals

e Gromov-Witten theory, theory of atoms (Kontsevich,
Soibelman, Pantev, Katzarkov)
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Polytopes - further applications

Combinatorics (Ziegler)

Hypergeometric functions, asymptotics of integrals

Gromov-Witten theory, theory of atoms (Kontsevich,
Soibelman, Pantev, Katzarkov)

Minimal model program, cones of ample and effective divisors
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Glimpses of arithmetic geometry



Conics

Legendre: If
ax® + by? + ¢z =0 (*)

has nontrivial solutions mod p, for all p, and in R then it has
nontrivial solutions in Z. Moreover, the height of the smallest
nontrivial solution is bounded by /|abc|.
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Conics

Legendre: If
ax® + by? + ¢z =0 (*)

has nontrivial solutions mod p, for all p, and in R then it has
nontrivial solutions in Z. Moreover, the height of the smallest
nontrivial solution is bounded by /|abc|.

Questions:

e Local-global principle?
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Conics

Legendre: If
ax® + by? + ¢z =0 (*)

has nontrivial solutions mod p, for all p, and in R then it has
nontrivial solutions in Z. Moreover, the height of the smallest
nontrivial solution is bounded by /|abc|.

Questions:
e Local-global principle?

e How many rational points of bounded height?

57



Conics

Legendre: If
ax® + by? + ¢z =0 (*)

has nontrivial solutions mod p, for all p, and in R then it has
nontrivial solutions in Z. Moreover, the height of the smallest
nontrivial solution is bounded by /|abc|.

Questions:
e Local-global principle?

e How many rational points of bounded height?
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Hasse-Minkowski principle

Let X be a smooth projective variety over a number field F.
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Hasse-Minkowski principle

Let X be a smooth projective variety over a number field F.

HP holds for quadrics, hypersurfaces of small degree.
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Hasse-Minkowski principle

Let X be a smooth projective variety over a number field F.

HP holds for quadrics, hypersurfaces of small degree.

Counterexamples to HP:
o Iskovskikh 1971: The conic bundle
X2 +y?=f(t)2%,  f(t) = (t* = 2)(3 - t?),
e Cassels, Guy 1966: The cubic surface
5x3 +9y3 + 1023 + 1263 = 0.
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Hasse-Minkowski principle

Let X be a smooth projective variety over a number field F.

HP holds for quadrics, hypersurfaces of small degree.

Counterexamples to HP:
o Iskovskikh 1971: The conic bundle
X2 +y?=f(t)2%,  f(t) = (t* = 2)(3 - t?),
e Cassels, Guy 1966: The cubic surface
5x3 +9y3 + 1023 + 1263 = 0.

Proofs: quadratic and cubic reciprocity, class numbers, ...,

Brauer-Manin obstruction
58



Counting lattice points
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Counting lattice points
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Rational points on P*

Pl(@) = {x=(x0,x1) € (Z2 \0)/=£ | ged(x0, x1) = 1}
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Rational points on P*
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Height function

H: PY{Q) — Rug

2 42
X Xy + X1
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Rational points on P*

Pl(@) = {x=(x0,x1) € (Z2 \0)/=£ | ged(x0, x1) = 1}

Height function

H: PY{Q) — Rug

2 42
X Xy + X1

Counting function

N(B) :=#{x | H(x) < B} ~
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Rational points on P*

Pl(@) = {x=(x0,x1) € (Z2 \0)/=£ | ged(x0, x1) = 1}

Height function

H: PY{Q) — Rug

2 42
X Xy + X1

Counting function

N(B) := #{x | H(x) < B} ~ m-B? B o
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Rational points on P!

Pl(@) = {x=(x0,x1) € (Z2 \0)/=£ | ged(x0, x1) = 1}

Height function

H: PY{Q) — Rug

2 42
X Xy + X1

Counting function

N(B) := #{x | H(x) < B} ~ %-ﬁ-w-B% B — o0
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Leading constant
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Leading constant

ﬁ:H(Hl).(l_%):HW.(l_l)

P p P
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Leading constant

1 1, p#P'(F) 1
1;[ _/3)_121 07

¢2) p

We will interpret this as a volume with respect to a natural
regularized measure on the adelic space IP’I(A%“).
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Counting rational points

Counting problems depend on:

e a projective embedding X — P";
e a choice of X° C X;
e a choice of a height function H : P"(F) — R-o.
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Counting rational points

Counting problems depend on:

e a projective embedding X — P";
e a choice of X° C X;
e a choice of a height function H : P"(F) — R-o.

Main problem
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Singular cubic surfaces

Deforming singularities on cubic surfaces

In all cases, we expect Blog(B)® rational points of bounded height,
on the complement of lines.
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Cubic forms (U. Derenthal)

Points of height < 1000 on the Eg singular cubic surface X C P3
X134 + xx¢ +3 =0,

with xp, x2 > 0.
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Counting points

Let X° := X\ [, the unique line on X given by x, = x3 = 0.

R. de la Breteche, T. D. Browning, U. Derenthal (2005)
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Leading constant

c=a-pB-1
where

1 . . .
® O = 0500 — this is the volume of a certain polytope
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Leading constant

C:a-ﬁ.T
where

1 . .
® O = 0500 — this is the volume of a certain polytope
e 3 =1 - this is the order of the relative Brauer group

o 7 =[], 7 Too —this is an adelic volume,

Tp:(p2—|—7—p+1)‘(1_1)7: #X(]FP) ,(1_1)7

p p p? p

Too = 6/ dtdudv
[tv3]|<1,[t2+13|<1,0<v<], |uv?|<1
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The geometric framework

Conjecture (Manin 1989)
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Theorems: rational points

This conjecture holds for many homogeneous spaces, e.g.,

e flag varieties (Franke-Manin—T. 1989),
e toric varieties (Batyrev—T. 1995),

e bi-equivariant compactifications of unipotent groups
(Shalika—T. 2016), or

e {ax + b}-group (Tanimoto—T. 2012, general case by V. Wang
2023).
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Theorems: rational points

This conjecture holds for many homogeneous spaces, e.g.,

e flag varieties (Franke-Manin—T. 1989),
e toric varieties (Batyrev—T. 1995),

e bi-equivariant compactifications of unipotent groups
(Shalika—T. 2016), or

e {ax + b}-group (Tanimoto—T. 2012, general case by V. Wang
2023).

But there are also counterexamples, in dimension 3 by Batyrev-T.
(1996), for del Pezzo surfaces by Runxuan Gao (2022).
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Integral points

Chambert-Loir—T. (2010) proposed a framework interpolating the
theories of rational and integral points; e.g., a log-version of
Peyre's constant, the constants a and b.
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Integral points

Chambert-Loir—T. (2010) proposed a framework interpolating the
theories of rational and integral points; e.g., a log-version of
Peyre's constant, the constants a and b.

e A wealth of results via ergodic theory, by Duke, Rudnick,
Sarnak, Eskin, McMullen, Mozes, Shah, Oh, Gorodnik,
Maucourant, Nevo, Weiss, ... for X° = G/H,

e Chambert-Loir—T. and Takloo-Bighash—T.: partial equivariant
compactifications of additive groups, semi-simple groups.
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Integral points

Far-reaching generalizations to

e Campana points (Loughran, Tanimoto, Pieropan, Schindler,
Smeets, ...)

e points on stacks, connections to Malle's conjecture about
number of extensions F/Q with prescribed Galois group and
bounded discriminant (Darda, Yasuda, Loughran, Santens)
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