On a dispersive system

Sevdzhan Hakkaev

December 5th, 2024

Sevdzhan Hakkaev On a dispersive system



@ nonlinear dispersive system (DSW)

ur+vvy =0

Vi + Vxxx + UVx + UxV = 0:

where are u and v are real valued functions.
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@ We look for solutions in the form u(t, x) = ¢(x — ct) and
v(t, x) = ¢(x — ct). Plugging in the system and integrating
once, we get

¢ =507+ 1%
(2)

—Cy + 9" + ¢ = B,

Replacing ¢ = 2%1/}2 in the second equation for 1, we get
the equation

//__l 3
P = ch +cy + B. (3)

Here, we consider the symmetric case B = 0. After
integrating, we get

1

2 4 2

=—— c a 4
W=t tor’+a )
where ais a constant of integration.
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@ cn solutions
For ¢ > 0 and a > 0, denote by g, —q, i1)1, —i4 the
roots of polynomial —r* + 4¢?r? + 4ca. Then, the equation
(4) can be written in the form

1 1
W2 = (08— AW +0P) = (v — (v — 46 +¢7).
The solution is given by
¥(Xx) = Yocn(ax, k), (%)
where

° ° 2
2 V5 » Yg—2¢c ¢

T T2 a2 C T 20 T 21

(6)

Since the fundamental period of cn(x) is 4K(«), then the
fundamental period of ¢ (x) is 2T = 4K(”)
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@ Consider the perturbations in the form
u(t,x) = ¢(x — ct) + p(t, x — ct) and
v(t, x) = ¢(x — ct) + q(t, x — ct). Plugging in the system
(1) and ignoring all quadratic and higher order terms, we
get the following linear equation for (p, q)

Uy = JgHU, (7)
where
(P _(9x O ([ c =
0-(§) 7=(5 a) »= (5% 1)
and

’
Ly =-8%+c— 2701/%
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@ Clearly 7* = —J, whereas H* = H, with the natural
domains on the periodic functions , namely
D) = (H'[-T.T)e(H'[-T,T)
DH) = (B[-T.The (H-T,T])

The standard mapping ( L‘; ) — eMZ transforms the

linear differential equation (7) into the eigenvalue problem

THZ = \Z. (9)

Definition

We say that the waves (¢, ¢) are spectrally unstable, if the
eigenvalue problem (9) has a non-trivial solution (Z, \), so that
Z#0,Ze€’[-T,T] x H*[-T,T]and X : R\ > 0.

In the opposite case, that is (9) has no non-trivial solutions, with
RA > 0, we say that the waves are spectrally stable.
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@ Stability of periodic traveling waves of cnoidal type
Let ) be a cnoidal wave defined by (5). Then, the kernel of
‘H is one dimensional (dim ker H = 1) and spanned by

_ wa>
v (20,

We have that ( ; ) € ker H, if

cf—yg=20

—f+L1g=0.

From the first equation, we have f = %ng and plagging in
the second equation, we get

(m—lw>g=£g=o (10)

Sevdzhan Hakkaev On a dispersive system



@ the kernel of £ = —92 + ¢ — 2.4 is one dimensional and
spanned by ¢’. Hence the all solutions of H (;) =0are
multiples of g = ¢’ and f = 1y
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@ number of negative eigenvalues of the operator .
If ) is cnoidal wave given by (5), then n(#) = 2. Consider
the quadratic form associated to H, namely

w(§)(g) == Wwan+ e - whe

=(Lg,9)+ [T} ( f—fwg)
(11)
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° n(L)=2
( f)l< igf)( 0 ><H< £’>7<;>>2gﬂ>?f%<ﬁgag>zo.
J X0 X1

By the Rayleigh-Ritz formulas, it follows that the third
smallest eigenvalue of H is non-negative and hence
n(H) <2.

Take go = xo0 and fy = 1yxo, We have

(B V(B o B0 ) (59 ) - oo

= Xo(x0, X0) < 0.

Hence, n(H) > 1.
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In order to show that n(#) = 2 we need to construct second

vector< f >L< fo >,suchthat<’H( f ),( f )><0.
g1 90 g1 g1

Take gy = xq and f; = 161/1)(1 .

It follows that n(H) = 2.

If 2¢T + (L1, ¢) #0and (L71[1],1) #0,and (L~ "¢, 1) =0,
then g ker(JH) © ker H is three dimensional and spanned by
the vectors

1 T+ SuL 'y TpL=11]
m= , T = , N3 = .
26¥ 1Ly £
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@ Generalized kernel of JH
gKer(JH) = span|(Ker(JH)),1=1,2,..].
Select a basis in gKer(JH) © Ker(H) = span[n;,j =1,...].
Then D is defined via
D =D}y : Dy = (Hni,my).
Kam := Kr + 2ke + 2k;” = n(H) — no(D), (12)
representation for matrix D,
D1y D12 O
D= |Di2 D2 O
0 0 D3
Hence the number of non-positive eigenvalues the matrix

Dis no(D) = no(Do) + no(D33), where Dy = <D11 DH).
D12 D2

Since we require that (£~'[1],1) # 0, then

no(Ds3) = N(Ds3).
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The matrix Dg has a one negative and one positive
eigenvalues.

1 *

» 1, ﬁ<l-€</€
n(Ds3) = n((L™[1],1)) =

0, k*<kr<T.

and whence
2, % <K< K*
no(D) = (13)

1, K" <k<1
With this we get that,

0, \i@ <K < K"

1, K <k<1
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There is k*, such that periodic traveling waves (¢, 1), where 1
is given by (5) are spectrally stable for \l@ < k < Kk* and
unstable for k* < k < 1.
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Thank you for Attention

Sevdzhan Hakkaev On a dispersive system



