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Definition. The Fox H-function (Ch. Fox (1961) is a generalized
hypergeometric function, defined by means of the Mellin-Barnes
type contour integral in the complex plane

m,n (an I —s
Hy {z‘ (bJ,B 27“ Hpy ds, z#0, (1)
H r(b; +Bs) H M(1—ai—A;s)
where H " '(s)= J; = 5 ;
H r(l—bj—BjS) H F(a,-+A,-s)
j=m+1 i=n+1

with a contour £ (3 types); the orders (m, n, p, ) non negative
integers so that 0 < m < q, 0 < n < p, the parameters

A; > 0,B; > 0 are positive, and a;j, bj, i =1,...,p;j =1,...,q are
arbitrary complex such that A;(bj+/) # Bj(ai—I'—1),
I,I'=0,1,2,..;i=1,...,n;, j=1,...,m. Details on the types of
contours £ and properties of the H-function — in many

contemporary handbooks on SF, where its behaviour is described

via the parameters: R, A, V, pu, ... For VA; = B; =1, the

H-function reduces to a Meijer G-function, then to the classical SF
(“SF of Mathematical Physics”). 3/28



Most of the SF of FC, being H-functions, are practically cases of
the Wright (Fox-Wright) generalized hypergeometric functions
" { (a1, A1), -y (3p, Ap) ] (a1 tkA) . T(ap+kAp) 2
(bl, Bl), cees (bq, Bq) — F(b1+kBl) - F(bq+kBq) k!

. 1—a1,A1),...,(1—ap, Ap)
:Hl,P _ ( 1,71), ) ps p . )
P7q+1|: ‘ (071)?(1_b1781)>-"7(1_bq78q) ( )

Denote: R = ]E[ATA’ ]2[ BY A= ZJ: B-—Zp:A- IfA>-1
. -1 o= P N ,
the ,W,-function is an entire function of z € C, but if A = —
the series is absolutely convergent in the disk {|z| < R}, while ....
Ifall Ay =---=A,=1,B1 =---= By =1, the Wright g.h.f.
reduces to the generalized hypergeometric ,F4-function, which
itself is a case of the Meijer G-function,

(‘917 )7' 7(37 )

\U |: (bla )7 7(b271)
o (a)k--(ap)k 25 1)
2 (b Be)e 11~ P -

z] = cpFq(at,...,ap; b1, .., bg; 2)

1-ay,...,1-ap e
0,1—by,...;1=bg |"
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The Mittag-Leffler (ML) functions, when a: > 0 is not integer or
rational index, are the simplest examples of ,W-functions that are
not ,F4- and G-functions,

o0 K
Ea”g(z) = Z #—i—,@); a=1: Ea(z)7 (3)
Zk
ET,B Z 1 ak + B o (Prabhkar f.). (4)

And the multi-index I\/IL functions (Kiryakova, 1996 — / also
Luchko)

o0 k

y4
E(a,-),(ﬁ,‘) - kz_;) r(a1k+ﬂ1) . r(amk‘i‘ﬁm)’ (5)
and (Paneva- Konovska 2011 —>)
T:)m 7-1 k-- (Tm) z- 6
(a, Bi) Z Mork+p1)...T (mk+Bm) (k)™ (©)

include almost all the SF of FC (appearing as solutions of FO
models). A very long list of such SF has been provided as evidence
in our survey papers.
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However, another SF related to FC, the Le Roy function (1900)
attracted the attention of our FC colleagues ONLY recently,

. _k
z
exp(z E k' — (Le Roy) F,(z) = kg_o (k1)
and together W|th newa introduced their ML-type analogueS'

7k

Z [F ak—l—ﬁ)]

— (MLR: Gerhold, Garra-Polito) F(W

Z

k=0
i

(y>0,v>0) — (3m-MLR: Rogosin) F((CZ)B) (2)= —
[M(aik+5i)]"
=1

happen NOT to be H-functions and ,W4-functions !

The above SF have been studied, since 2012 to 2021, by:
Gerhold, Garra, Polito, Garrappa, Mainardi, Rogosin, Orsingher,
Gorska, Horzela, Simon, etc.

Then, from our 3m-multi-ML and the above 3m-MLR functions,
since 2022, we went further to a new class of SF of Le Roy type,

as follows:
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Definition. Multi-index Mittag-Leffler-Prabhakar functions of Le
Roy type (multi-MLPR), suppose all the 4m parameters are > 0:

Fn(2) :=F5.r,(2) (7)

_OO(le...Tm) Zk

- ;) (k)™ [Flark + B)I™ - [Famk + Bm) ™
= 3 ek Z¥, with ¢ = r(k—i_T")- 1 . 1
_g; k2", with ¢ Il{rw+¢) mﬂ)[wa¢+5mW}'

1=

Several basic analytical properties of (7) are proposed in our
recent papers: 2022-2023 by VK-JPK 4+ Rogosin-Dubatovskaya,
2022-2024 by VK-JPK.

Theorem. (2023) Suppose
Vi=1,...,m:a;>0,58;>0,7>0,7>0, and = > «a;v; > 0. The

i=1
multi-index MLPR-function (7) is an entire function of the

complex variable z of order p and type o:
m P
(H(a,-)am> G

1
= 7/28

= , and o =
a1y1+ -+ OmYm

D=



In Sonix, one can find a list of our joint (VK-JPK) and
self-authored (VK, JPK) indexed (Scopus - WoS) publications and
talks (abroad and in BG) on the results

for this new class of SFs and their relations to the /-functions
(commented on next slides), in the last 2 years:

2023: 6 papers / 5 talks
2024: 5 papers / 8 talks

and their citations.
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Definition. The so-called /-function was defined by Rathie
(1997), by means of a kind of Mellin-Barnes type integral

m,n (aiaAiaO‘i)f :| 1 / m,n -5
Iy |z =— [1)'(s)z °ds, z+#0,
P [ (b, B, B)] | 2mi pa (5) 7
H rﬂf(bj—i-BjS) H F”"‘(l—a,-—A,-s)
with  Zy(s) = —— L. .
I rﬁf(l—bj—BjS) [ Tei(ai+Ais)
Jj=m+1 i=n+1

Note that if Vo, =VB; =1, i=1,...,p, j =1,...,q, this is the éox
H-function. But in general, these are NOT positive integers. Then,
we have multi-valued functions [ whose singularities are now
branch points. Some more simple case of this SF, is the H-function
of Inayat-Hussain (1987), where in particular some of the «;, Bj are

equal to 1, namely: a; = 1,i: n+1,....p and Bi=1,j=1,.

1 a;
- [ ‘ (a,,A,,a,)f; ] B J1_1r (bj+B;js) le (1—a;—A; s) .
z z >ds.

Pa % | (b, B, B)] [T o (1—b—B;s) [ T (ai+Ais)g /0g
Pttt I=n+1




In our very recent papers (2024), we have introduced a
generalization of the Fox-Wright function

v [ (a1, A1), -y (3p, Ap) H :i [(Ark + a1)..T(Apk + ap) z*
P79 (b1, B1), .., (bg, Bg) [(Bik + by)...T(Bgk + by) k!’

k=0
Definition. We define the generalized Fox—Wright function by
the power series P
wp o . F(Ajk + aj) P
7 (aja Aj' aj)j:l J=1 -
P\Uq (b B,@)q - q 1’ (10)
ph =1 k=0 ] P(Bik + b;)

i=1
with arbitrary real or complex parameters a;, b;, positive A;, B; and

additional “fractional” power parameters a; > 0, 5; > 0,
j=1..,pi=1..q.

The behavior and properties of this new SF are characterized by
the parameters:

q p q p
A=1+Y 6B - A, R=[[B%/T]AY. (1)
i=1 j=1 i=1 j=1

Here, 11 indicates when the series in (10) represents an entire
function, or is an analytic in |z| < R, or converges only at z = QO/28



Namely,
e If 1 > 0, then the series (10) defines an entire function (that
is, absolutely convergent for all z € C).
e If 1 =0, then the series (10) defines an analytical function in
the open disk |z| < R.
e If 1 <0, then the series (10) converges only at the point 0.

We are mostly interested in the case i > 0 when p\TJq is an
entire function.

Theorem. (2024) Let p\qu be the generalized Fox—Wright
function (10) with all positive parameters aj, A;, o, bi, B;, Bi,
and let ;i > 0. Then, the order p and type o of the entire function
(10) are

1 q P
S=1+)Y BiBi-Y A= (12)

) P i=1 j=1
respectively Vi .

p i
=0 |[[A| / (H BF"B') . (13)
j=1 i=1
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The generalized Fox-Wright function (10) is representable in terms
of the following /- and H-functions:

o [ @A ey | (1—aj,Aj, q))f
‘”"{ (o B 6 | 2] = e | 72| 0.1y, 1 by, B )
—_ P ( a./7A )
’Pq“[ 7| (0,1,1), (1 by, By, )7 ] - (4

Then, one observes the natural parallel with the representation of
the Fox-Wright function (2) by a H-function:

v |: (al,Al),...,(ap,Ap) ‘Z] _ \T/ [ (al,Al,l),...,(ap,Ap,l)
(b1, B1), ..., (bg, By) (b1, B1,1),...,(bq, Bg, 1)

d

1,p _
= Hplg i [ z

(1—a;, Aj)f
(0.1).(1- b, B! ] ' (15)

Let us discuss some particular cases of the /-functions from which
these arose initially, in fractional order models, say in statistical
physics, statistical mechanics, stochastics.
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Feynman integrals: Rathie introduced the /-function in the goals
to cover some important functions of Applied Mathematics that
are not included in the H-functions, among them are some
Feynman integrals. Inayat-Hussain demonstrated the usefulness of
such integrals in derivation of new transformation, summation and
reduction formulae for single- and multiple-variable hypergeometric
series. His results in evaluating Feynman integrals that arise in
perturbation calculations of the equilibrium properties of a
magnetic model of phase transitions were based on the function

gi(z)=(2n)"¢ / dplp|*"~“[In(1/|p))"|1 + 2*/?p| 7>

lp|<1
o (Dkly = p/2) 2
K G T R

But we can rewrite this in the denotations of the W-function:

— Const-g\le [ (7,1,1), (v — 1/2),1,1),(n, 1,1 + m) ‘Z:| , (16)

(1,/2,1,1),(n+1,1,1+ m)
that is as an /-function. Let us recall that m can be a non-integer!
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The Gaussian model of phase transitions in equilibrium statistical
mechanics. The free energy of such a model on a Bravais lattice in
d dimensions was considered by Inayat-Hussain and expressed in
terms of a series, where the variable ¢ = 5./ — 1 is a reduced
temperature interval and 8. = 2¢/J is the critical temperature:

d
BF(d,E) _2— 2—d 1_|_€ 22[ k]l{ld?)/flf]g)zk

Inayat-Hussain presented this Gaussian model’s free energy by the
H-function:

(14¢)2

ﬂF@ﬁey:_4ﬂwQH;gL%1+g) (0,1,1), ?

0,

Having in mind the above series representation, we can write it in
terms of the W-function as follows, with NON-integer d:

717 )7(_1/271?d)
)(—1,1,1+d) ]

BF(d;€) =const - ¥ [ R A ‘ 1+ e)—2] )
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Attention: It happens that some other important SF are NOT
H-functions and ,W,-functions, but can be presented in terms of
the /- and H-functions. This was an argument in the initial works
by Inayat-Hussain (with title: “... hypergeometric series derivable
from Feynman integrals”) and by Rathie, and we stuck on some
hints that other more popular SF in Maths fall in the scheme of the
[-functions, as: the polylogaritm function, the Riemann (-function,
Mathiew series, etc. Just for example, the polylogarithm function

Lin(z Zk |z| <1, a € C,

can be identified as such a functlon. Namely, a Mellin-Barnes type

integral representation gives a H-function (then, also /-f.):
1/2+ic0

atl(g -5
Lin(z) = — % / r r§ ()1r+(15) ) () ds
1/2—ioco
(1,1, +1)

—1,1 . .
= —Hi, [—z (1,1.1),(0,1.0) ] , >0, L={c—ioco,c+ioco}.

(All singularities of the Gamma's in numerator are to the left of
s=0 and to the right of s=1, and one can take ¢ = 1/2!) 15/28



Next example: The generalized Hurwitz-Lerch Zeta function:

O, Nt ()\) n(,u)an z" %
(D(Al?u,u )(Z’a’ b)= Z;) (Vp)ﬁn n (n+ b)’ z| <p".  (18)

According to Srivastava-Saxena-Pogdny-Saxena (2011), it has the
following Mellin-Barnes contour integral representation:

(p,0,%) _ T(v)
PN (2:00b) = TR

F(=s)F(A+ ps)I(u+ os)T(s + b) N
8 / F(y+/§5) ra(5_|_b_|_]_) (_Z) ds, (19)

for |arg(—z)| < 7, and path of integration £ = (¢ — ico, ¢ + ic0)

that separates the poles of ['(—s) , (A + ps), ['(u+ os), T(s+ b).

Then, the relation with the H-function (and /-f.) can be written:
(p.o%) )

P 2 B )
(1-X\p,1),(1—p,0,1),(1 —b,1,c)
(0,1),(1 —v,k,1),(—=b,1, )

Several important special cases are considered, incl. the Riemann
Zeta function ((a)= > " z"/n® (withz=1, b=0, ...), etc. 16 /28
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Our hypothesis was, now proved (our papers of 2024), that
under suitable conditions on the contour and location of the
singularities of the I'-functions, the Le Roy type functions can also
be written in terms of /- and in particular, H-functions and as
generalized Fox-Wright functions ,W,. Namely:

e the original Le Roy function:
(0,1,1) = (@],
0.1,1.0.1y) | =Y @iy |7
e the M-L type Le Roy function (Gerhold, Garra-Polito,...):
() _ L1 (07171) Y (1’171) .
PN =8 2| oaaft by | =19 | (e |7
e the Prabhakar type Le Roy function (Paneva-Konovska):
(1 _7—7131) :|
(07 ]-7 ]-)7 (]- - Bv (X?’Y)

=rend | G0 |4

FO(z) = /117’21 [z

1,1
Fals (2) = [_Z

17 /28



also, the multi-index M-L function of Le Roy type (Rogosin, 2022):

(¥)7 _ 11 - (0’1’1) _ Ll _
F(a,-)f’,(ﬁ,-lm(z)_'l’m“[ 21 (0,1,1), (1= Bi, v, )P =Himia(=2)

(0,1)
(0,1), (1—Bi, ;)T } , VK, H-f.

o0
Theorem. (2023) Let Vo, i, 77 > 0,i=1,....,m, > a;v;i >0, we

1,1
Compare: E(ai)T,(/Bi)T(Z) = Hl,m+1 |:—Z

have for our multi-index M-L functions of Le Roy i;ge
Fm(z) = IFZ’,;,E,-,T,(Z) = i nSTl)k oAbk (kZ!;m’ that: (21)
k=0 I Mi(aik + Bi)
Fm(z):FZi,-;;g:;T,(z):T‘m%m—l { (1,1,1)(,,F(:):11’e:)(i;f,04,‘,’7i)'1n Z]
= T'P}T;Zm ~“1 (o, 1)m£alni; (T{,iiéz,lgi,Vi)T ] (22)
=T I;rgm < (0,1,1)[7()—'&;5;7-&’1 ’—%}, ai,vi)! } '

where T:=1/( : r(7)0).

1
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Consider now a simple multi-index case with m = 2. Pogany
considered the problem for a closed-form definite integral
expression for the COM—Poisson renormalization constant. He
mentioned, as an example only, a special function of the following
form that happens to be a generalized Fox-Wright function:

» 2k - (1,1,1)
Floars)(?) Z[r ok T k9P 22| (a.p,0) (5 r, ) ‘ ]

It happens also that the original Le Roy function
(m=1,a =/ =1) plays a practical role in describing other
real-world processes. For example, a query has been raised by
Kolokoltsov about the simplest case of the Le Roy function with
index v =1/2:
k

F1/2)(z) = Z (klz)1/2’

what kind of, if known, special functlon is this? Then, in a recent
paper (2021), he recognized it and emphasized that this function
plays the same role for stochastic equations as the exponential and
Mittag-Leffler functions for deterministic equations. 19/28



Related “Eigen”-operators for the new SF:
Gelfond—Leontiev operators and new operators of FC

In analysis, linear algebra, physics, quantum mechanics, etc., the
notions related to the prefix “Eigen” (from the German word “self”
or “own") play important roles. An eigenfunction is a function
that, when acted on by an operator, yields a scalar multiple of the
function itself. The scalar is called the eigenvalue. Aside from the
other analytical properties of the SF, and evaluation of their
images under integral transforms and operators of FC, it is an
important but often still open problem to determine corresponding
linear integral L and differential operators D that transform a
function f into itself multiplied by a scalar, e.g., Df = A f. For
shortness, we call such operators “eigen “-operators for f.

It happens that an useful tool to resolve this (generally open)
problem for some classes of SF is the notion of Gelfond—Leontiev
operators (G-L operators) for generalized integration and
differentiation, introduced by these authors in 1951. Up to now, we
have used this theory to propose integral and differential operators
for which the ML and multi-ML functions are eigenfunctions. 20 /28



Definition. (Gelfond-Leontiev, 1951) Let the function
o0
©(A) = 3 @rA¥  be an entire function with a growth (order
k=0
p > 0 and type o # 0), such that I|m ke ek = (aep)% . Then,

for an analytic function f the operatlon

=Y a2t 25 Df(z Za Phol k=1 (23)

k=0
is called a G-L operator of generalized dlfFerentlatlon with respect

to the function ¢(A). And the corresponding G-L operator of
generalized mtegratlon can be also mtroduced

Zakzk Loy L,f(z Za tpkﬂ ZK+L (24)

Evidently, D@Lq,f(z) =f(z). It happens aIso that the function ¢ is
eigenfunction of the G-L operator generated by itself.

The classical diff. /integr. are generated by ¢(\) = exp \; and for
the ML function and multi-index ML functions we have constructed
corresp. G-L operators, defined by series of the above forms. Then,
for these G-L gen. integr. we provided also representations as FC

operators with kernels Hll”f, resp. H,';:;,?, (see next). 21/28



Now: we construct G-L operators D and L, generated by the Le
Roy type functions - in the case of F((g)ﬁ’”)m, by means of their

coefficients ¢, = 1/[[12; FV'(Oz-k + 5;). For f(z)= Z akz":

m

M (ark T 1)
D f(z) := Dmmir (2 §j k-t 2
() MLR axz H Lok + 61— ) (25)
O Miaik + 8)
k+1
L#(z) == Lmmir f(z E axz H Pk + B+ 07); (26)
We have proved the foIIowmg e/genfunct/on relation:
DR (A2)=AFR (Az), A#0. (27)

This result can be interpreted that: the multi-index ML functions
of Le Roy type (mMLR) appear as solutions of differential
equations of the form (27), and as will be shown below, these are
DEs of fractional multi-order (a1, ..., am) !
For the G-L integration the corresponding relation is
m

LE)s (2) = 1 FO8 02) 1/ T M), A#0. (28)
= 22/28
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Theorem. (2024) The G-L integration operator L, generated by

means of the Le Roy type function F((g)ﬁ’”)m as in the series (26),

can be represented also by means of the integral operator

. \m
5" @i i) m | f(zo)do.
04i704i77i)1

1
1™ £(2) = Lwir f(z z/lm, [
0

(29)

This operator can be interpreted as a kind of a generalized
fractional integration of multi-order (cv, ..., ay).

Note that according to the theory of the /-functions, the singular
kernel in (29) is a well defined I,',?’g—function, analytic in the unit
disc |z| < 1 that vanishes for |z| > 1 (similarly to the behavior of
the H,'Z]jg,—function), and under the assumed conditions on the
parameters this improper integral is convergent.
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Specially for m = 1, we can consider this operator as an analogue
of the Erdélyi-Kober fracti{DnaI integral, to be of order oo > 0:
m
(8, 07 } f(zo)do. (30)

I* f(z) =Lwmir f(z):z/llljlo [U (8 —a,a,9)
0

Analogy with: Erdélyi Kober (E-K) fractional integration operator:

17°f(z) —15 / t)° 17 (2t/P) dt (31)
—/H’O o (7+5+1_%%) f(zo), of order § >0
) (v+1-5.3) ’ '

The E-K integral of “classical” FC, reduces to the R-L fractional
integral for v = 0,8 = 1, namely: If’5f(z) =z7°/°f(z). And the
corresponding Erdélyi-Kober (E-K) fractional derivative, as
introduced in Kiryakova (1994, Ch.2), has the form
DL°f(z) = Dy 1777 °F(2), with n—1<d<n neN,
n

d d
and D, := H(B p —+7+J), a polynomial P(dz). 24 /28



Generalized FC (Kiryakova, 1994): Let m > 1 be an integer;
0;>0,v€R, B; >0, i=1,...,m. In analogy with the
definition of the E-K integral, consider the sets of parameters:
d=(01>0,...,0m > 0) as a multi-order of fractional integration,
v = (71,...,7Ym) as a multi-weight, and additional multi-parameter
B =(B1>0,..,08n>0). The integral operator defined as follows:

1
+6+1— L Lym
[0, :/H;;;,g (i I (2,
(Bi),m (2) / ; (vi+1-1 ﬂi) (zt)
m (32)
if >0;>0; and l((gk) r:k f(z) = f(z) for V6; = 0, is called a

gerI;eiaIized (m-tuple) fractional integral of multi-order
(61>0,...,0m >0).

The generalized fractional derivatives D((gkg ,(nk), corresponding to
(32), of multi-order (91, ...,0m) are also introduced, in a way
similar to that for the R-L D% and E-K Dg“s FDs, but with more
complicated differ-integral representations.
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For m =1, the g.f.i. (32) is the “classical” E-K integral (31).

The main feature of the operators (32) defined by means of
single integrals involving H-functions (or Meijer's G-functions in
the simpler case of equal 8; = >0,/ = 1,...,m) is that they can
be equivalently represented by means of commutative compositions
of classical E-K integrals (m = 1):

/((g: 77 61( [H /'YH I] f'(z

L L m 1 5 1.7 1 1
— ;)% L) L L
/ /[H ) ’] f<ztfl...o,ﬁm)dt1...dtm,
0 o Li=l

33
without special functions involved in kernel. (33)

The frequent appearance of compositions like (33) in problems
related to applications, combined with the simple but effective
tools of the theory of the kernel SFs (H- and G-functions) in
definition (32), explains the wide usage of the operators of the

GFC.
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Return now to the G-L operators generated by the Le Roy type

functions F(( )ﬁ) (z), and their integral representations (29) as in

the previous theorem. In the case m = 1 the operators I' can be
considered as analogues of the Erdélyi-Kober operators ! And, it
happens that the following composition/decomposition property
for I™ and T}, is analogous to the mentioned one for the GFC,
where the gen. fr. integrals with H,r,',’j,(,)7 were represented also as
commutable compositions of m single E-K fractional integrals.

Theorem. (2024) For entire functions f(z),

1™ f(z) = [H ]11] =I5 {0, ]} f(2). (34)
The above composition is commutable. The analogues of the E-K
fractional integrals of order a;j > 0 have the form

1
o Il,O
=z 11 |0
0

(Bi, @iy i)
61' - Oé,‘,Oé,‘,"}/,') f(za)dg. (35)
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We may consider the operators in (29) and (34), also with more
general parameters, as new kind of generalized fractional integrals,
with semigroup and other operational properties, typical for the FC.

Say for m = 1, the more general form of such integral operators
(as analogues of E-K integrals), but depending on 4 (instead of 3)

parameters, can be considered in the form:
1

+a—p,8,7)
I0Yf(z _/Il’0 {a‘ (e 0 f(zo)do,
Ll ( ) 0 1.1 (l’L_/B?/BJfY) ( )
for order & > 0; and for a = 0: ]Ig’gf(z) = f(z). It is easy to
check that the semi-group property is then satisfied OK:
pta1,00 o1 a1 to
Hﬁ,'y Lo = Hﬁ,v o1 > 0,02 >0,
in the form very similar to that for the E-K fractional integrals.
The case of arbitrary m > 1, for GFC, can be also considered for:
(i + i = Bi, Bis vi)T"

1
my(i),(ai) _ m,0
H(ﬁm(w) flz) = O/l’"’m [U (i — Bi, Bi )T

A list of OPEN problems can been also discussed!

f(zo)do.
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