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Complete Bernstein functions
ϕ : R+ → R+, ϕ ∈ C∞

ϕ ∈ CMF (completely monotone functions):

(−1)nϕ(n)(t) ≥ 0, t > 0, n = 0, 1, 2, ... (1)

ϕ ∈ BF (Bernstein functions) ⇔ ϕ ≥ 0, ϕ′ ∈ CMF

ϕ ∈ CBF (complete Bernstein functions):

ϕ(s) = a+ bs+

∫ ∞
0

(1− e−sτ)m(τ) dτ, (2)

where a, b ≥ 0, m ∈ CMF ; CBF ⊂ BF .

Basic examples: CBF : sα, sα/(s+ a)α, α ∈ [0, 1], a > 0; log(1 + s);
CMF : exp(−t); tβ−1Eα,β(−λtα) ∈ CMF for λ > 0, 0 < α ≤ β ≤ 1;

Eα,β(z) =

∞∑
k=0

zk

Γ(αk + β)
− Mittag-Leffler function (3)

[1] R.L. Schilling, R. Song, Z. Vondraček (2010), Bernstein functions: Theory and applications.
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Complete Bernstein functions

All classes are convex cones (closed under linear combinations with positive
coefficients); CMF is closed under multiplication.

Define the set:
CBFδ :=

{
ϕδ : ϕ ∈ CBF

}
, δ > 0. (4)

Property: CBFδ1 ⊆ CBFδ, 0 < δ1 ≤ δ.

Proposition 1: Let f1 ∈ CBFδ1, f2 ∈ CBFδ2, where δ1, δ2 > 0. Then

f1 · f2 ∈ CBFδ1+δ2. (5)

Proposition 2: Let δ ∈ (0, 1]. Then the set CBFδ is a convex cone.

Proposition 3: Let 0 ≤ δn ≤ δ ≤ 1, qn ≥ 0, n = 1, . . . , N . Then

sδ +

N∑
n=1

qns
δn ∈ CBFδ and

(
s−δ +

N∑
n=1

qns
−δn

)−1
∈ CBFδ.
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Fractional Jeffreys-type diffusion-wave equation

(1 + aDα
t )

∂

∂t
u(x, t) = D1−γ

t

(
1 + bDβ

t

)
∆u(x, t), (6)

where 0 < α, β, γ ≤ 1, a > 0, b > 0, ∆ - Laplace operator, and Dδ
t - the

Riemann-Liouville fractional derivative of order δ > 0

Dδ
tf(t) =

dm

dtm

∫ t

0

(t− τ)m−δ−1

Γ(m− δ)
f(τ) dτ, m− 1 < δ < m, m = 1, 2, ...

[2] Awad, E., Sandev, T., Metzler, R., Chechkin, A.: From continuous-time random walks to the

fractional Jeffreys equation: Solution and properties. Int. J. Heat Mass Transf. (2021)
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Multi-term fractional Jeffreys-type diffusion-wave equation

Multi-term generalization:(
1 + aDα

t +

K∑
k=1

akD
αk
t

)
∂u

∂t
= D1−γ

t

1 + bDβ
t +

J∑
j=1

bjD
βj
t

∆u, (7)

with the following assumptions on the parameters

0 < αk < α ≤ 1, 0 < βj < β ≤ 1, 0 < γ ≤ 1,

a > 0, b > 0, ak ≥ 0, bj ≥ 0, (8)

k = 1, . . . ,K, j = 1, . . . , J, K, J ∈ N.

Characteristic function

g(s) = sγ

(
1 + asα +

K∑
k=1

aks
αk

)1 + bsβ +

J∑
j=1

bjs
βj

−1 , s > 0. (9)

Aim: Find restrictions on the parameters, which guarantee g(s) ∈ CBF2
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Restrictions on the parameters

Theorem 1: Assume β ≤ γ. Then g(s) ∈ CBFα+γ.

Theorem 2: Assume α = β, K = J , αk = βk, ak, bk > 0, k = 1, . . . ,K, and
0 < α1 < · · · < αK < α < 1. Then the characteristic function g(s) obeys the
inclusions:

(a) If γ = 1 and 1 ≥ a1/b1 ≥ · · · ≥ aK/bK ≥ a/b then g(s) ∈ CBF ;

(b) If 1 ≥ b1/a1 ≥ · · · ≥ bK/aK ≥ b/a then g(s) ∈ CBF1+γ.

Theorem 3: In the single-term case with α = β the characteristic function obeys
the inclusions:

(a) If 0 < a < b and α ≤ γ then g(s) ∈ CBFγ;

(b) If a > b > 0 then g(s) ∈ CBFα+γ.
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Single-term case

Corollary: Let 0 < α, β, γ ≤ 1 and a > 0, b > 0. The characteristic function
of the single-term equation satisfies g(s) ∈ CBF if any of the following sets of
conditions is satisfied:

(a) β ≤ γ and α+ γ ≤ 1;

(b) a < b and α = β ≤ γ;

(c) a > b, α = β, and α+ γ ≤ 1.

This corollary expands the conditions in [2].
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Subordination results
X - Banach space with norm ‖.‖; A - closed linear operator in X with dense
domain D(A) ⊂ X, equipped with the graph norm.

Fractional Jeffreys-type equation in abstract form:(
1 + aDα

t +

K∑
k=1

akD
αk
t

)
u′(t) = D1−γ

t

1 + bDβ
t +

J∑
j=1

bjD
βj
t

Au(t). (10)

Initial conditions: u(0) = v ∈ X, u′(0) = 0.

Fractional evolution equation:

Dδ
t (u(t)− u(0)) = Au(t), t > 0. (11)

Initial conditions:

u(0) = v ∈ X for δ ∈ (0, 1];

u(0) = v ∈ X, u′(0) = 0 for δ ∈ (1, 2].
(12)

Sδ(t) - solution operator to problem (11)-(12).
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Subordination

Theorem: Assume the Cauchy problem (11) is well posed for some δ, 0 < δ ≤ 2,
and admits a bounded solution operator Sδ(t). Let

g(s) ∈ CBFδ, s > 0. (13)

Then the fractional Jeffreys-type equation (10) admits a bounded solution operator
S(t), such that

S(t) =

∫ ∞
0

Φ(t, τ)Sδ(τ) dτ, t > 0, (14)

where Φ(t, τ) is defined via the Laplace transform

Φ̂(s, τ) =

∫ ∞
0

e−stΦ(t, τ) dt =
g(s)

1/δ

s
exp

(
−τg(s)

1/δ
)

and

Φ(t, τ) ≥ 0,

∫ ∞
0

Φ(t, τ) dτ = 1, t, τ > 0.
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Injectivity

Theorem: Assume f(t), t ≥ 0, is a function with values in the Banach space X,
such that ‖f(t)‖ ≤ C, t ≥ 0. Then the integral

f̃(t) =

∫ ∞
0

Φ(t, τ)f(τ) dτ, t > 0,

is well defined. Let f̃(t) = 0 for a.e. t ∈ (0, T ), where T > 0. Then f ≡ 0.

This injectivity property is useful for the proof of uniqueness in some inverse
problems.

Reference:
E. Bazhlekova, Subordination approach to multi-term time-fractional Jeffreys
equation (in preparation).
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