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Ha [1O na BAH:

1. AHoTAUA

OcHoBHaTa LieJd Ha Kypca € Ja ce BbBenaT KjacoBere Ha UbpH Ha KOMIUIEKCHUTE BEKTOPHU
pasciioeHus: B TEPMUHUTE Ha (OPMHUTE HA KpUBUHATA KaTO CE€ M3IOJI3Ba moaxoaa Ha UspH-Bein. B
HAYyaloTO Ha Kypca ce H3laraT OCHOBHU (hakTu 3a BEKTOpHUTE pa3cioeHus. [lompoGHo ce
pasriiexkaaT MOHATHATA 32 CBBP3aHOCT BBPXY BEKTOPHO Pa3CIOCHHWE UM KPUBHUHA HAa CBBHP3AHOCT.
CreuuanHo BHHMMaHHE C€ OTHAENS Ha XoJoMOp(HHTE BEKTOpPHHM pa3clioeHus. Pasrmexmar ce
XUMNEPIUIOCKOTO U YHUBEPCAIHOTO PA3CIOCHUs, KAaTO CE€ W3UUCISABAT TEXHUTE IMPOCTPAHCTBA OT
X0JIOMOphHH CeYeHUs, KaKTo W (OpPMHTE MM Ha KpUBHUHATa OTHOCHO CBBpP3aHOCTTa Ha UBpH.
[IpaBu ce kpaThK Mperyies Ha TeopuaTa Ha KoxomoyioruuTe Ha ae Pam u kimacoBere Ha UbpH ce
BBBCXJAT KAaTO CJICMCHTHU Ha TE3U KOXOMOJIOTHH. HaKpaﬂ CC IMpeCMATAT KIIACOBCTC HaA q’pr Ha
HSIKOU KOHKPETHH Pa3CIOCHUs..




2.

H606XOI[I/IMI/I npeaBapuTeJinii 3HaHUA.

OcHOBHHM (DaKTH 3a IJ1aIKUTE U KOMIUIEKCHH MHOT000pa3usl.

3.

KomnereHTHOCTH, IPUAOOUTH B pPe3yJITAT HA 00y4eHUETO

HpI/II[O6I/IBaHe Ha 3HAHUA W YMCHHA 3a pCIIaBaHC Ha MAaTCMAaTHYCCKU 3ajjadd, OTHACAIIU CC A0

BEKTOPHU Pa3CIIOCHHS, CBBP3aHOCTH H KJacOBe Ha YUbpH.

4.

S.

AP N I

12.

13

14.
15.
16.
17.
18.
19.

TeMaTHYHO ChAbpPKAHUE

Tema Opoii 4acoBe JIEKINH

BexTopHu paszcnoeHus 8

CBBp3aHOCTH BBPXY BEKTOPHU Pa3CIOCHUS 10

TaBToMOrN4YHO (YHUBEPCAITHO) PA3CIOCHHE 6

Kiacose Ha UbpH 6
Koncnexr

BektopHu pascioeHus — onpeaeaeHue U MPUMEpH.

Mopdu3mu Ha BEKTOPHH Pa3CIOCHHUSI.

OyHKIIUM Ha TIPEX0/1a Ha BEKTOPHU Pa3CIOCHHUS.

ANreOpuYHU Onepaii BbPXY BEKTOPHU Pa3IOCHHS.

OO6paren 006pa3 Ha BEKTOPHO passIOCHUE.

CeueHnust Ha BEKTOpPHH pascioeHus. Penepu.

[Mompascnoenusi. @akTop-pa3ciioOCHUS.

Jle-uepTa omneparop BbpXY X0JIOMOP(QHHU BEKTOPHHU Pa3CIOCHHUS.

CBbp3aHOCTH BBPXY BEKTOPHM pa3CiIOCHUs — OIpeAeleHue M npuMepu. Matpuna Ha
CBBP3aHOCT OTHOCHO periep.

. AnreOpuYHH OTepalvy BbpXY BEKTOPHH PAa3CIIOCHUS M HHAYIIUPAHU CBHP3aHOCTH.
. Uanynupana cBbp3aHOCT BBPXY OOpaTHMA 00pa3 Ha BEKTOPHO pPa3ClIOCHHE ChC 3ajjajieHa

CBBP3aHOCT.
MeTpuku BbpXy BEKTOPHHU Pa3CIOCHUS U ChbBMECTUMH CBBP3aHOCTH.

. Kanonnuna cbp3anoct Ha EpMuTOBO X0JI0MOpP(HO BEKTOPHO pa3ciioeHuE (CBBP3aHOCT Ha

UsbpH).

Omeparop BbpXy OPMHU ChC CTOHHOCTH BB BEKTOPHO PAa3CIOCHHE, TOPOJCH OT CBBP3aHOCT.
KpuBrHa Ha cBbp3aHOCT.

Bropa ocHoBHa (hopma Ha X0ITIOMOP(HHO TOAPA3CIOCHHE.

ChliecTByBaHE Ha CIICIHATHU PETICPH.

XOpHU30HTAIHO MOIPA3CIIOCHUE, ONPEACIICHO OT CBBP3aHOCT.

[MapaneneH nmpeHOC MO0 KpUBA, ONPEACIICH OT CBBP3aHOCT.



20. KomIuIeKCHHM TPOEKTUBHU NTPOCTPAHCTBA.

21. TaBTOIIOrMYHO Pa3CIOEHUE BBPXY KOMIIJIEKCHO MPOEKTUBHO IIPOCTPAHCTBO.

22. Kommuiekcau ['pacManoBM MHOroo0pasus.

23. TaBTOJOTUYHO pa3CIIOCHUE BHPXY KOMILIEKCHO [ pacMaHOBO MHOTOOOpa3ue.

24. Bnarane Ha [Limrokep.

25. KpuBuHa Ha TaBTOJIOTMYHOTO PA3CIOCHUE U HETOBH (PaKTOpP-pa3CIOCHUSI.

26. Koxomomoruu Ha e Pam — kpaTbk niperies.

27. HBapUaHTHU MOJIUHOMM.

28. XomoMop¢uzbM Ha Beitn.

29. Knacose Ha UbpH — onpe/ielieHHe U OCHOBHHU CBOWCTBA.

30. KommiekcHO JMHEMHO pa3CciIO€HHE, OMNPENEeNeHO OT KOMIUIEKCHA XMIIEPIOBbPXHUHA.
[IpunoxxeHnue 3a mpecMsTaHe Ha KiacoBeTe Ha UbpH Ha XUNEPIIOBBPXHUHMU.

6. Ilpenopnuana qureparypa:

OcHoBHa:
1. J.-P. Demailly, Complex analytic and differential geometry, 2012 (qocTblHa B MIHTEPHET)
2. D. Husemoller, Fibre bundles, 1994.
3. S. Kobayashi, N. Nomizu, Foundation of differential geometry, vol. 1 and 2, 1963-1969.
4. A. Moroianu, Lectures on Kéhler geometry, 2004.
JonbaHuTenHAa:
5. F. Brickell, S.R. Clark, Differentiable manifolds. An introduction, 1970.
6. F. W. Warmer, Foundations of differentiable manifolds and Lie groups, 1983.
7. R. Narasimhan, Analysis on real and complex manifolds, 1985.
8. R. Bott, L. Tu, Differential forms in algebraic geometry, 1982.

7. PecypcHO ocurypsiBaHe Ha 00y4eHHMETO:

CB00OIeH 1OCTBI 1O UHTEPHET.

8. Kpurtepuu 3a onenka

I/ISHI/ITLT cC HpOI["I)J'DKI/ITeJ'IHOCT 4 gaca U C€ CbCTOH OT ABC 4YaCTH — ITUCMCH U YCTGH. Ha IIMCMCHUA
N3IIUT I[OKTOpaHT'BT paSBI/IBa CBOUTC NICHU U KOHLCIIIINUHN I10 ABa anpoca OT KOHCIICKTA. Ha YCTHI/HI
W3IMHT JOKTOPAHTHT OTIOBAPs Ha 3a/1aJICHU OT )KYPHTO BBIIPOCH, CBHP3aHU C TeMaTa Ha Kypca.
Kpaiinara orenka e ot 2 110 6 (¢ Tounoct 1o 0.5).

Tst ce popmupa Ha 6a3ara Ha CIETHOTO ChOTBETCTBHUE!

Otnnuen OtnnuHo Braziee Marepuaina. M3noxxeHneTo e u3uepnareinto, NocaeJ0BaTeNHO, KOMIETEHTHO,

(6 wm 5.50) | moruyHo 1 XapMoHH4HO. [IpaBUITHO 060OCHOBABA MpeIaraHUTe PEeLIeHHs], 3Hae Kak Jia 00001aBa u
n3sara Marepuana 0e3 aa npasy rpemiky. [IpuresxkaBa HEOOXOIUMUTE YMEHHS 33 M3II'bIHEHHUE Ha
MPaKTHYECKHU 3a/1a49H.

MH. n1o65sp [To3naBa maTepuana. Mznara ro mpaBuiHo 0e3 a JOIMycKa ChIIECTBEHN HETOYHOCTH. Moxke
(5 v 4.50) | mpaBWIHO 1A MpHJIara TCOPETHYHN NPUHIUIN 1 IPUTEXaBa HEOOXOJUMUTE YMEHHUS 3a N3ITBIHEHHE
HAa MPaKTHYECKH 3a]1a4H.




Jo6bp Bnanee ronsima yact marepuaa, HO JIOIyCcKa HETOYHOCTH MIPU M3JI0KEHHETO U OTTOBOPHUTE Ha
(4 vmm 3.50) | BeOpocute. Mima N3BECTHU HESICHOTH TPH ONMUTHUTE 3a TpUjlaraHe Ha MaTepualia B IPaKTHIECKH

CUTYyaLUH.

Cpenen Brnanee camo gacT ot Marepuana, HO ce 3aTpyAHSABA B OTAEIHUTE AeTaiiu. [lomycka HETOUHOCTH BbB

3) (OpMYIHPOBKUTE M HapyllaBa IIOCIECAOBATETHOCTTa TpPU TPEACTaBIHETO Ha Marepuan. Hma
3aTpyIHEHUS [IPU U3ITBJIHEHUE Ha MTPAKTHYECKH 33/1a4H.

Cnab He mo3naBa 3HaunTeIHA YacT OT MaTepualla, JOIYCKa CHIIECTBEHH I'PEIIKH U C TOJEMHU TPYAHOCTH

2) U3IBIHABA IPAKTUYECKU 3aJa4H.

YyeOHata mporpaMa € oOChleHa W 0J00peHa Ha 3acelJaHWe Ha CEKIUsS ,,AHAIHU3, TEOMETPHUS
tomosorug™ Ha 19.03.2024 r.

PrnxoBoauTEN CEKIUS:

(an.-xop. H. Hukomnos)

Pasrnenana ot Qupexropckus cbBeT Ha UMU-BAH na 21.03.2023 r. (mpoTokoa Ne 13).

[Tpuera ot Hayunus csBer Ha UMU-BAH na 22.03.2024 r. (mpoTokon Ne 3).
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Theme: Vector bundles and connections
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30 hours of lectures
Hours:

Credits According to the Credit System

2
of the Training Centre of BAS: 0

1. Annotation

The main purpose of this course is to introduce the Chern classes of complexvector bundles in terms
of curvature forms following the Chern-Weil approach. Basic facts about vector bundles are
presented in the beginning of the course. Then the notions of a connection on a vector bundle and
the curvature of a connection are discussed. Special attention is paid to the case of holomorphic
vector bundles. The hyperplane and the universal bundles are discussed and the spaces of their
holomorphic sections are computed as well as the curvature forms of their Chern connections. Short
survey on the de Rham cohomology is given and the Chern classes are introduced as elements of
this cohomology. The Chern classes of concrete vector bundles are computed in the end of the
course.




2. Prerequisites

Basic facts about smooth and complex manifolds

3. Expected Learning Qutcomes

Acquisition of knowledge and skills for solving mathematical problems related to vector bundles,
connections and Chern classes.

4. Topical Outline of Content

Hours
) Hours .
Topic Practical
Lectures )
Exercises
Vector bundles 8
Connections on vector bundles 10
The tautological (universal) bundle 6
Chern’s classes 6

i

Questionnaire (list of selected questions)

Vector bundles —definition and examples.

Morphisms of vector bundles.

Transition functions of vector bundles.

Algebraic operations on vector bundles.

Pull-back of a vector bundle.

Sections of vector bundles. Frames.

Subbundles. Quotient bundles.

The d-bar operator on holomorphic vector bundles.

Connections on vector bundles — definition and examples. The matrix of a connection with
respect to a frame.

10. Algebraic operations on vector bundles and induced connections.

11. The induced connection on the pull-back of a vector bundle with connection.

12. Metrics on vector bundles and compatible connections.

13. The canonical connection on a Hermitian holomorphic vector bundle (Chern’s connection).
14. The operator on forms with values in a vector bundle induced by a connection.

15. The curvature of a connection.

16. The second fundamental form of a holomorphic subbundle.

17. Existence of special frames.

18. The horizontal subbundle yielded by a connection.

19. Parallel transport along a curve determined by a connection.

e e A R R o e



20. Complex projective spaces.

21. The tautological bundle over a complex projective space.

22. Complex Grassmann manifolds.

23. The tautological bundle over a complex Grassmann manifold.

24. Pliicker’s imbedding.

25. The curvature of the tautological bundle and tautological quotient bundles over a complex
projective space

26. De Rham cohomology — a short survey.

27. Invariant polynomials.

28. Weil’s homomorphism.

29. Chern’s classes — definition and basic properties.

30. The complex line bundle yielded by a complex hypersurface. Applications to computing the
Chern classes of hypersurfaces.

6. References

Basic:
1. J.-P. Demailly, Complex analytic and differential geometry, 2012
2. D. Husemoller, Fibre bundles, 1994.
3. S. Kobayashi, N. Nomizu, Foundation of differential geometry, vol. 1 and 2, 1963-1969.
4. A. Moroianu, Lectures on Kdhler geometry, 2004.
Additional:
5. F. Brickell, S.R. Clark, Differentiable manifolds. An introduction, 1970.
6. F. W. Warmer, Foundations of differentiable manifolds and Lie groups, 1983.
7. R. Narasimhan, Analysis on real and complex manifolds, 1985.
8. R. Bott, L. Tu, Differential forms in algebraic geometry, 1982.

7. Resource provision of training

Free internet access.

8. Evaluation criteria

The exam shall continue 4 hours and shall consists of two parts — written and oral. At the written
exam the PhD student presents his/her ideas and concepts on two given questions from the
questionnaire. At the oral exam, the PhD student answers questions asked by the jury related to the
topic of the course.

The final grade is from 2 to 6 (to the nearest 0.5).

It is formed on the basis of the following correspondence:

Excellent Excellent command of the material. Comprehensive, consistent, competent, logical and harmonious

(6 or 5.50) presentation. Proper justification of the proposed solutions, good summary and presentation of the
material without making mistakes. Good necessary skills to perform practical tasks.

Very good Satisfactory command of the material. Correct explanation without significant inaccuracies. Proper

(5 or4.50) application of the theoretical principles and appropriate performance of practical tasks.

3




Good Good command of the material, but with inaccuracies in the presentation and in the answers to

(4 or 3.50) questions. There are some ambiguities in attempts to apply the material in practical situations.

Average Limited command of the material, difficulties in the individual details. Inaccuracies in the wording

3) and inconsistency in the presentation of the material. Difficulties in the performing of practical
tasks.

Weak A significant part of the material is not known, serious mistakes are made and the practical tasks are

(Failing grade) performed with great difficulty.

@

The curriculum was discussed and approved at a meeting of the Department “Analysis, Geometry
and Topology”, held on 19.03.2024
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(Prof. N. Nikolov)
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