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1. AHOoTAaUAA

OcHoBHarTa 11eJ1 Ha Kypca € J1a 3al03Hae ciiyniareauTe ¢ qudepeHnnaiHara TeoMeTpus Ha KpUBU U
MOBBPXHUHU B 3-MEPHOTO MPOCTPAHCTBO Ha MuHKOBCKHM. B Hawanoro Ha Kypca ce BBBEKIAT
OCHOBHUTE TOHSTHS, CBbP3aHU C METPUKAaTa B MIPOCTPAHCTBO HA MUHKOBCKH, KaTO CE€ pa3riexaar

NOJIPOOHO  MPOCTPAHCTBEHO-N10100HM,

BpeMe—HOZ[O6HI/I u CBGTJ’II/IHHO—HOI[O6HI/I BCKTOPpU U

NOATIPOCTPAHCTBA C TCXHUTC CBOMCTBA. CHCI_[I/IaJIHO BHUMAHHC CC OTHCJISI Ha BUJOBETC H30OMETPUU B

IIPOCTPaHCTBO HAa MUHKOBCKH. BbBexka ce Tpueabp Ha OpeHe 3a pa3InyHUTE BUAOBE KPUBU U CE

u3Bexaar popmynute Ha Opene. MzydaBar ce ruiaHapHU KpUBH C IOCTOSIHHA KpUBUHA. Pasriexna

ce JIOKaJHaTa Teopusi Ha MPOCTPAHCTBEHO-TIOAO0HU U BpEMe-TI0I00HN TMTOBLPXHUHU U CE BHBEKAAT

MOHATHUATA CpelHa KpUBHHA U ['aycoBa KpHMBHHA 3a TaKMBa MOBBbPXHUHU. [laBa ce kimacuduxamnms




Ha MPOCTPAHCTBEHO-NIOJOOHU U BpeMe-1o100HN OMOMJIMYHM TMOBBPXHHUHHU. Pasriexnaar ce Tpure
BHJIa POTALIMOHHU ITIOBBPXHUHU B IIPOCTPAHCTBO HA MUHKOBCKHU.

2. HeoOxoauMu npeaBapuTeTHU 3HAHUS

Krnacuuecka nudepennuanta reometpusi B EBKIHI0BO MpOCTPaHCTBO.

3. KoMIeTeHTHOCTH, IPUAOOUTH B Pe3yJITAT HA 00yUYeHHEeTO

HpI/I,[[O6I/IBaHC Ha 3HAHUA U YMCHHUS 3a pClIaBaHC HA MATCMATHYCCKU 3a/Jd4i B TCOPUATA HA KPHUBU
1 NOBBbPXHUHU B 3—MepHOTO MMPOCTPAHCTBO HA MUHKOBCKH.

4. TeMaTH4HO CHABPKAHME

Opoii yacose
TeEMa
JIEKIIUU

IIpocTpancTBO Ha MUHKOBCKM — OCHOBHM IOHSTHS, IPOCTPAHCTBEHO-NIOI00HM, 6
BpeMe-TI0JJ00HH U CBETIMHHO-I0/J00HU BEKTOPU U MOANPOCTPAHCTBA

Kpusu B npoctpancTBo Ha MUHKOBCKH 4
IToBBEpXHUHM B IPOCTPAHCTBO HA MUHKOBCKHU 8
IIpocTpaHCcTBEHO-110,JOOHN MOBBPXHUHU C OCTOSIHHA CPE/IHA KPUBHUHA 6
PorannonHy NOBBPXHUHU B POCTPAHCTBO HA MUHKOBCKH 6

5. Koncnekr

. [IpocTpancTBo Ha MUHKOBCKH — OCHOBHU IOHSTHSI.

. BunoBe BexTopu 1 moanpoOCTpaHCTBA.

. U3omeTpuu B IpoCcTpaHCcTBO HA MHUHKOBCKH.

. JlokanHa Teopusi Ha KpUBH B MPOCTPAHCTBO HA MUHKOBCKH.

. [loHsTHSITa KpUBHHA U TOP3US 32 PA3IUYHUTE BUI0BE KPUBHU.

. Tpuensp Ha @pene u popmynn Ha OpeHe 3a pa3TUIHUTE BUIOBE KPUBH.

. [ImaHapHu KpUBHU € IOCTOSIHHA KPUBUHA.
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. JlokaHa Teopust Ha MPOCTPAHCTBEHO-TTOIO0HU B BpeMe-TI0JOOHH MOBBPXHUHH.

9. IlonsTusTa cpenHa kpuBuHa U ['laycoBa KpMBUHA 3a pa3IMYHUTE BUJOBE TOBbPXHUHHU.

10. Knacudukanust Ha mpoCTpaHCTBEHO-TTOJ00HU U BpeMe-1T0I00HN OMOMIINYHU TTOBBPXHUHHU.
11. IIpocTpaHCTBEHO-110100HN TOBBPXHUHU C ITOCTOSIHHA CPEIHA KPUBHUHA.

12. TpaHcnauOHHU MOBBPXHUHHU.

13. PoTaiinoHHN NOBbPXHUHMU.




6. Ilpenopnuana aureparypa:

1. Lopez, R., Differential Geometry of Curves and Surfaces in Lorentz-Minkowski Space,
International Electronic Journal of Geometry, (2014) Volume 7, No. 1, 44-107.

2. Nesovic, E., Petrovic-Torgasev, M., Verstraelen, L., Curves in Lorentzian spaces, Bolletino
U.M.L 8 (2005), 685-696.

3. O’Neill, B., Semi-Riemannian Geometry. With applications to relativity. Pure and Applied
Mathematics, 103. Academic Press, Inc., New York, 1983.

7. PecypcHO ocurypsiBaHe Ha 00y4eHHMETO:

CB000IeH 10CTHI 10 HHTEPHET.

8. Kputepuu 3a onenka

MsnoureT € ¢ MMPpOABILKUTCIIHOCT 4 yaca U ce CbCTOHU OT ABC 4aCTU — MMUCMCH U YCTCH. Ha nucmenus
H3IUT AOKTOPAHTHT pa3dBUBa CBOUTC MJACHU M KOHLOCIIIUU 110 ABa BBIIPOCAa OT KOHCIICKTA. Ha YCTHUA
M3IUT TOKTOPAHTHT OTrOBapsl Ha 33aJICHH OT KYPHUTO BHIIPOCH, CBbP3aHU C TEMaTa Ha Kypca.
Kpaiinara omnenka ¢ ot 2 g0 6 (¢ Tounoct a0 0.5). Ta ce dbopmupa Ha Gazara Ha CIETHOTO
ChOTBETCTBUE:!

OrnnueH OtnuuHo Bilajgee Marepuana. M3m0xeHHeTo € H3ueprarTesHo, HOCIeA0BaTeIHO, KOMIETEHTHO, JIOTHYHO

(6 mm 5.50) xapMoHH4HO. [TpaBriiHO 000CHOBaBa MIpesIaraHUTE PEIICHNs, 3Hae Kak Ja 00001maBa 1 u3ara Matepuaina 6e3
Iia paBu Tpeiky. [IpurexaBa HEOOXOANMHUTE YMEHUS 32 U3IBIIHEHNE Ha IPAKTUYECKHU 3aJauH.

MH. 106Bp IMo3naBa matepuana. M3nara ro npaBmiHo 6e3 a A0MTycKa CHIIECTBEHN HETOUYHOCTH. MoxKe IIpaBUITHO Ja

(5 i 4.50) MprjIara TEOPEeTHYHN IPUHLIUIN U MIPATEKaBa HEOOXOTUMHUTE YMEHUS 32 U3MBIHEHUE Ha MPAKTHUECKH 3aTauH.

Jo6bp Branee romnsimMa yact MaTepuaia, HO IOIyCKa HETOYHOCTH HPY U3JI0KEHUETO M OTTOBOPHTE Ha BbIpocute. MMa

(4 mmm 3.50) M3BECTHH HESICHOTH IIPH OIIUTHUTE 3a IPHUJIaraHe Ha MaTepHaa B IPaKTHUECKU CUTYAIHN.

Cpenen Brazee camo uyactT OT Marepuana, HO ce 3aTpyIHSBa B OTJCIHHUTE Jeraiiin. Jomycka HETOYHOCTH BBB

3) (OpMYIMPOBKHTE M HapyIlaBa MOCIEIOBATEIHOCTTA IIPH PEACTaBSIHETO Ha MaTepuai. MMa 3aTpyaHeHus npu
U3IIbJIHCHUE HA PAKTHYECKH 3a1auH.

Cinab He no3HaBa 3HauuTeNHA YacT OT MaTepHaa, JOIYCKa ChLIECTBEHH I'PEIIKH U C FOJEMH TPYIHOCTH M3ITBJIHSBA

2) [IPAKTUYECKU 3aJauu.

VYuyeOHaTta mporpama € oOChACHa W OA0OpeHa Ha 3acefaHue Ha CEKIUs ,,AHanu3, TEOMETpUs H
Tonosnorus‘, mposeneHo Ha 19.03.2024 r.

PoxoBoauTen cexus:

(an.-xop. Huxomnait Hukosmos)

Pasrnenana ot {upexropckus cbBeT Ha UMU-BAH Ha 21.03.2024 1. (mpoTtokon Ne 13).

[Ipuera ot Hayunus ceBer Ha UMU-BAH nHa 22.03.2024 . (mpotokomn Ne 3).
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1. Annotation

The main goal of the course is to introduce the students to the differential geometry of curves and
surfaces in 3-dimensional Minkowski space. At the beginning of the course, the basic concepts
related to the metric in the Minkowski space will be introduced, and spacelike, timelike and
lightlike vectors and subspaces with their properties will be considered in detail. Special attention
will be paid to the isometries in the Minkowski space. A moving Frenet frame field for the different
types of curves will be introduced and the corresponding Frenet formulas will be derived. Plane
curves with constant curvature will also be considered. The local theory of spacelike and timelike
surfaces will be developed and the concepts of mean curvature and Gaussian curvature for such
surfaces will be introduced. The classification of spacelike and timelike umbilical surfaces will be
considered. Three types of rotational surfaces in the Minkowski space will be studied.
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2. Prerequisites

Classical differential geometry in Euclidean space.

3. Expected Learning Qutcomes

Acquisition of knowledge and skills for solving mathematical problems in the theory of curves and
surfaces in the 3-dimensional Minkowski space.

4. Topical Outline of Content

Toi Hours
opic

P Lectures
The Lorentz-Minkowski space - basic concepts, spacelike, timelike and lightlike vectors 6
and subspaces.

Curves in Lorentz-Minkowski space. 4
Surfaces in Lorentz-Minkowski space. 8
Spacelike surfaces with constant mean curvature. 6
Rotational surfaces in Lorentz-Minkowski space. 6

5. Questionnaire (list of selected questions)

. The Lorentz-Minkowski space - basic concepts.

. Casual character of the vectors and subspaces.

. Isometries in Lorentz-Minkowski space.

. Local theory of curves in Lorentz-Minkowski space.

. The concepts of curvature and torsion for the different types of curves.

. Moving Frenet frame field and Frenet formulas for the different types of curves.
. Plane curves with constant curvature.

. Local theory of spacelike and timelike surfaces in Lorentz-Minkowski space.
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. The concepts of mean curvature and Gaussian curvature for the different types of surfaces.
10. Classification of spacelike and timelike umbilical surfaces.

11. Spacelike surfaces with constant mean curvature.

12. Translation surfaces.

13. Rotational surfaces.
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7. Resource provision of training

Free internet access.

8. Evaluation criteria

The exam shall continue 4 hours and shall consists of two parts — written and oral. At the written
exam, the PhD student presents his/her ideas and concepts on two given questions from the
questionnaire. At the oral exam, the PhD student answers questions asked by the jury related to the
topic of the course.

The final grade is from 2 to 6 (to the nearest 0.5). It is formed on the basis of the following
correspondence:

Excellent Excellent command of the material. Comprehensive, consistent, competent, logical and harmonious presentation.

(6 or 5.50) Proper justification of the proposed solutions, good summary and presentation of the material without making
mistakes. Good necessary skills to perform practical tasks.

Very good Satisfactory command of the material. Correct explanation without significant inaccuracies. Proper application of

(5 or 4.50) the theoretical principles and appropriate performance of practical tasks.

Good Good command of the material, but with inaccuracies in the presentation and in the answers to questions. There

(4 or 3.50) are some ambiguities in attempts to apply the material in practical situations.

Average Limited command of the material, difficulties in the individual details. Inaccuracies in the wording and

3) inconsistency in the presentation of the material. Difficulties in the performing of practical tasks.

Weak A significant part of the material is not known, serious mistakes are made, and the practical tasks are performed

(Failing grade) with great difficulty.

®)

The curriculum was discussed and approved at a meeting of the Department “Analysis, Geometry
and Topology”, held on 19.03.2024
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