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Y4eOHa nporpama
3a CIeNMAJU3MPAH JOKTOPAHTCKH KypPC

Obnact Ha BHclIe 00pa3oBaHue: 4.1IpupoiHU HAayKH, MaTeMaTUKa U HH(pOpMaTHKa
npo¢eCHOHATHO HalpaBJIeHUE: 4.5 Marematuka

JOKTOpPCKa Iporpama: MareMaTHuecKku aHaau3

TeMa: JInHelHN TONOJOTHYHU TPOCTPAHCTBA

JIEKTOP: npod. nmH [lenka Kynaposa

A 20 R ¢ eKT0pa denka@illnois edu

XOpapuyM: 30 yaca ek

KPEIUTH ChIJl. KpEAUTHATA CUCTEMA 20

Ha 1O na BAH:

1. AHoranus

[IpennaranusiT Kypc € €CTECTBEHO NPOJBIDKEHHE Ha Kypca YBOJA BbB (DYHKLIMOHATHHS AHAIM3.
KypcbT npeanara oCHOBHM 3HaHUS 32 BCEKH, KOMTO I11€ U3M0JI3Ba, pUiara Wil pa3BUBa pe3yiaTaTu
W METOIM OT Ta3u OCHOBHAa 00JIacT Ha ChbBpeMeHHaTa MaTemartuka. Cepro3HO BHUMAaHHE €
00BpHATO Ha CIIa0UTE TOMOJOTHH, KAKTO M Ha TEOPEMHUTE, CBBP3aHH C €KCTPEMHU TOYKHU, H HAKOU
TEXHU MIPUIOKEHUS. BHKTE KOHCIIEKTA 32 ONMCAHKUE HA 3aCETHATUTE TEMM.

2. HeoOxoauMu npeaBapuTeTHU 3HAHUS

JUC1, I1C2, enemeHTapHU MTO3HAHKS 0 (PYHKITMOHAJICH aHaU3 (Hal-100pe YDA)




3.

KommneTeHTHOCTH, NPUA0OOUTH B Pe3yJiTAT HA 00y4eHUETO

VYcBosgBaHe HaA 3HAHUA U YMCHHUSA B obnactra Ha (1)YHKIII/IOHaJ'IHI/I$I aHaJIM3 M pPas3sBUBAHC Ha
CIOCOOHOCT 3a (hopMyJIMpaHe U pelllaBaHe Ha MPoOIeMu

4. TeMmaTH4HO CHABP:KAHHE

Opoii yacose
TeMa

JEKUUU

JIuHeNH TOMOJIOTNYHU TpocTpaHcTBa. Cliabu TOMOIOTHH. 6
ExctpeMuu Touku, Teopema Ha KpeitH-Munmas. 6
Teopemu Ha E6epneitn-llImynsH. CoiictBo Ha Lyp. 6
Teopema Ha Puc 3a npencraBsiHe Ha HENPEKbCHATUTE JIMHEHHU (DYyHKIIMOHAN 6
B Co(X), kpzieTo X € JIOKaJTHO KOMIAKTHO TOMOJIOTUYHO IPOCTPAHCTBO
PaBHOMEpHA M3MIBKHATIOCT HA HOpMaTa 6

5.

10.

11.

12.

13.
14.

Koncnekr

JIvuHeHU TOMOJIOTMYHU MPOCTPAHCTBA

JlokanHO U3M'bKHAJM JIMHEWHH TOMOJIOTMYHHU NPOCTPAHCTBA. METpHU3yeMoCT U HOPMHUPYEMOCT.
Teopema nHa XaH-baHax W OTHEIMMOCT B JIMHEWHU TOMOJOTHYHM TMpocTpaHcTBa. Cnabu
tonosiorn. OCHOBHM CBOWCTBa. [yanHoCT.

[Tonsipa. Teopema 3a 6unomnsipata. Teopema Ha banax-Anaoriy. Teopema Ha ["onamiaitn
Exctpemun Touku, Teopema Ha KpeitH-Munman. [Ipunoxenue: o6o6mena teopema Ha CToyH-
Baiiepuipac

6. Ome eaHo mpuioXKeHHe: TeopemMa Ha JlamyHoB (M3MBbKHaIOCT Ha oOpasa Ha
BEKTOPHO3HAYHHU MEPKH) U OCHT-OCHT MPUHIIMIT B ONITUMATHOTO yTIPaBIICHHUE.

Teopemu Ha E6eprneiin-1lImynsn. CroiictBo Ha [llyp.

OnopuHu To4kH U onpHH PyHKIHoHANU. Teopemu Ha bumon-®enrnc. Bapuaryonen npuHIun Ha
Exenann. lpuioxenus.

[TonoxurenHn MEpKH BBPXY JIOKAIHO KOMIIAKTHO TOIOJOTMYHO IIPOCTPAaHCTBO. Teopema Ha
Puc 3a nmpencraBsiHe Ha MOJIOKUTETHUTE JUHEHHN QyHKIMOHANU. PerynspHu mepku u 6epoBu
MEpPKH.

Kommnexkcau mepku. [IbaHa Bapuanus Ha KoMIuiekcHa Msipka. Teopema Ha Puc 3a npencraBsHe
Ha HenpekbcHaTtuTe JHeHHU ¢yHKMoHamn B CO(X), xpaero X € JIOKATHO KOMIAKTHO
TONOJIOTHYHO TIPOCTPAHCTBO.

JudepeHurpyeMocT Ha Hopmara , AudepeHuupyeMoct Ha Hopmara mo @peme u [aro.
N3nekHanoct Ha Hopmata. Tect Ha [lImyisan.

PaBHOMepHa M3MBKHAJIOCT Ha HopMmara. PaBHOMepHa U3MBKHAJIOCT B  XWJIOEPTOBU
MPOCTPAHCTBA, PABHOMEPHA U3IMBKHAJIOCT U PEPIIEKCUBHOCT.

PaBHOMEpHA U3BKHATIOCT HA HOpMaTa Ha Lp.

Teopema nHa JI>xeliMc 3a CITaOUTE KOMITAKTH.




IIpenopbyana auTeparypa:

1. Marian Fabian, Petr Habala, Petr Hajek, Vicente Montesinos Santalucia, Jan Pelant, Vaclav
Zizler, Functional Analysis and Infinite-Dimensional Geometry (CMS Books in Mathematics),
Springer, 2001

1. V. Pyaun. ®yHKuoHanbHbIN ananus, Mup, M., 1975.

2. R.B.Holmes, Geometric Functional Analysis and its Applications, Springer-Verlag, 1975.

6. PecypcHo ocurypsiBane Ha 00y4eHHETO:

Hsama

7. Kputepuu 3a onieHKa

M3nuThT € ¢ POIBIIKUTEITHOCT 4 yaca M ¢e ChCTOH OT JIBE YACTH — ITUCMEH U YCTEH.

Ha mucmeHnss W3MHT MOKTOPAHTBHT pPa3BHBAa CBOWUTE WACH M KOHICMIMH IO JIBa BBIpPOCa OT
KOHCIEeKTa. Ha yCTHUS M3MUT JOKTOPAaHTHT OTrOBapsl Ha 3aJaJICHU OT KYPUTO BBIIPOCH, CBBP3aHH C
TemaTa Ha Kypca. Kpaiinata ornenka e ot 2 1o 6 (¢ Ttounoct a0 0.5). Ts ce popmupa Ha 6a3ata Ha
CIIEZTHOTO CHOTBETCTBUE:

OTtnuaeH OTin9HO Blaaee Marepuaia. M3nokeHneTo € n34epnareiHo, MociIeI0BaTeIHO, KOMIICTEHTHO,

(6 mm 5.50) | mormuHO M XapMoHWYHO. [IpaBMIIHO 000CHOBABA MpeIaraHUTe PEIIeHHs, 3Hae Kak 1a 0000masa u
u3jara Marepuana 6e3 Ja npapu rpemku. [IputekaBa HEOOXOAMMUTE YMEHHUS 32 U3IBIHCHUE Ha
MIPAKTUICCKH 3aa4qu.

MH. n1o65sp [To3naBa mMaTepuana. Mznmara ro mpaBuiaHo 0e3 a JOIMycKa ChIIECTBEHN HETOYHOCTH. Moxke
(5§ mm 4.50) | mpaBWIIHO Ja NpUiIara TEOPETHYHHU NPUHIUIIN U IPUTE)XKaBa HEOOXOAUMHUTE YMEHHS 3a U3IIbIHEHHE
Ha MPaKTHYECKH 3aJ1auH.

Ho6bp Bnanee ronsima yact marepuana, HO IOITycKa HETOYHOCTH IIPU M3JI0KEHHETO U OTTOBOPHTE HA

(4 mmu 3.50) | BeOpocute. iMa M3BECTHU HESCHOTH MPH OIIUTUTE 3a MIPIJIaraHe Ha MaTepralla B IIPAKTHISCKI
CUTYyaLUH.

Cpenen Brnanee camo 4acT oT MaTepuana, HO ce 3aTpyAHsABa B OTAEIHUTE AeTainu. [lomycka HETOUHOCTH BbB

3) (OpMYIHPOBKUTE M HapyllaBa IIOCIEAOBATEITHOCTTa MpPU TPEACTaBIHETO Ha Marepuan. Mwma
3aTpyIHEHU [IPU U3IIBJIIHEHUE Ha MTPAKTHUECKU 3a/1a4H.

Cnab He mo3HaBa 3HauMTENHA 4acT OT MaTepuala, JOMyCcKa CHIIECTBEHU IPEUIKH U C FOJIEMH TPYIHOCTH

2) W3ITBJIHSBA MPAKTUYECKH 3a1a4H.

VYueOHaTta mporpama € oOChACHa W OA0OpeHa Ha 3acefJaHhue Ha CEKIus ,,AHanu3, TEOMETpUs U
torosorug™ Ha 04.07.2023 r.

PrrkoBomuTEN CEKIIMA:

(un.-kop. Hukonait Hukosos)

Pasrnenana ot Jlupexropckus csBer Ha UMIM-BAH na 06.07.2023 (mpoTtoxoi Ne 27).

[Ipuera or Hayunus ceBer Ha UMUM-BAH Ha 07.07.2023 (mpotokosn Ne 7).
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Curriculum
of a Specialized PhD Course

Higher Education Area: 4. Natural sciences, mathematics and informatics
Professional Field: 4.5 Mathematics

PhD Programme: Mathematical analysis

Theme: Functional analysis

Lecturer: Denka Kutzarova

g}‘}’ﬁzt ?nelzgs of the Lecturer denka@illinois.edu

Hours: 30 hours of lectures

Credits According to the Credit System 20

of the Training Centre of BAS:

1. Annotation

The announced course is a natural continuation of the course "Introduction to functional analysis".
It offers basic knowledge to those, who will use, apply or develop results and methods from this
basic area of the contemporary mathematics. A substantial attention is paids to the weak topologies,
as well as to the theorems, related to extremal points and their applications. See the syllabus for a
description of the topics under consideration.

2. Prerequisites

Differential and Integral Calculus 1, Differential and Integral Calculus 2, elementary acquaintance
with functional analysis (best - Introduction to Functional Analysis)




3.

Expected Learning Outcomes

Knowledge acquisition in the area of the functional analysis and developing an ability to formulate
and solve problems.

4. Topical Outline of Content
Tobic Hours
P Lectures

Linear topological spaces. Locally convex linear topological spaces. Metrizability 6

and normability.

Extremal points, Krein-Milman Theorem. 6

Eberlein-Smulian Theorems. Schur property. 6

Riesz Representability Theorem for positive linear functionals. Regular and Borel 6

measures.

Uniform convexity of the norm. 6

5. Questionnaire (list of selected questions)

1. Topological spaces. Net convergence. Tikhonov theorem. Linear topological spaces

2. Locally convex linear topological spaces. Metrizability and normability.

3. Hahn-Banach Theorem and separability in linear topological spaces. Weak topologies. Basic
Properties. Duality.

4. Polaris. Bipolar Theorem. Banach-Alaoglu Theorem. Goldstein Theorem.

5. Extremal points, Krein-Milman Theorem. Application: generalized Stone-Weierstrass Theorem.

6. One more application: Lyapunov Theorem (convexity of the image of a vector-valued measure)
and bang-bang principle in optimal control.

7. Eberlein-Smulian Theorems. Schur property.

8. Support points and support functionals. Bishop-Phelps Theorems. Ekeland's variational
principle. Applications.

9. Positive measures on a locally compact topological space. Riesz Representability Theorem for
positive linear functionals. Regular and Borel measures.

10. Complex measures. Full variation of a complex measure. Riesz Representability Theorem for
continuous linear functionals in CO(X), where X is a locally compact topological space.

11. Differentiability of the norm, Frechet and Gateaux differentiability of the norm. Convexity of
the norm. Schmulian's test.

12. Uniform convexity of the norm. Uniform convexity in Hilbert spaces, uniform convexity and
reflexivity.

13. Uniform convexity of the norm in Lp.

14. James' Weak Compactness Theorem.




6. References

1. Marian Fabian, Petr Habala, Petr Hajek, Vicente Montesinos Santalucia, Jan Pelant, Vaclav
Zizler, Functional Analysis and Infinite-Dimensional Geometry (CMS Books in Mathematics),
Springer, 2001

2. V. Pynun. ®yHKIMOHATBHBIN aHanm3, Mup, M., 1975.

3.R.B.Holmes, Geometric Functional Analysis and its Applications, Springer-Verlag, 1975.

7. Resource provision of training

No

8. Evaluation criteria

The exam shall continue 4 hours and shall consists of two parts — written and oral.

At the written exam the PhD student presents his/her ideas and concepts on two given questions
from the questionnaire. At the oral exam, the PhD student answers questions asked by the jury
related to the topic of the course. The final grade is from 2 to 6 (to the nearest 0.5). It is formed on
the basis of the following correspondence:

Excellent Excellent command of the material. Comprehensive, consistent, competent, logical and harmonious

(6 or 5.50) presentation. Proper justification of the proposed solutions, good summary and presentation of the
material without making mistakes. Good necessary skills to perform practical tasks.

Very good Satisfactory command of the material. Correct explanation without significant inaccuracies. Proper

(5 or 4.50) application of the theoretical principles and appropriate performance of practical tasks.

Good Good command of the material, but with inaccuracies in the presentation and in the answers to

(4 or 3.50) questions. There are some ambiguities in attempts to apply the material in practical situations.

Average Limited command of the material, difficulties in the individual details. Inaccuracies in the wording

3) and inconsistency in the presentation of the material. Difficulties in the performing of practical
tasks.

Weak A significant part of the material is not known, serious mistakes are made and the practical tasks are

(Failing grade) performed with great difficulty.

2

The curriculum was discussed and approved at a meeting of the Department “Analysis, Geometry
and Topology” held on 04.07.2023

Head of Department:

(Prof. N. Nikolov)

Approved by the Board of Directors of IMI-BAS on 06.07.2023 (Minutes No. 27)

Accepted by the Scientific Council of IMI-BAS on 07.07.2023 (Minutes No. 7)



